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MODEL REDUCTION BY BALANCED TRUNCATION FOR
SYSTEMS WITH NUCLEAR HANKEL OPERATORS*
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Abstract. We prove the H-infinity error bounds for Lyapunov balanced truncation and for
optimal Hankel norm approximation under the assumption that the Hankel operator is nuclear. This
is an improvement of the result from Glover, Curtain, and Partington [STAM J. Control Optim., 26
(1998), pp. 863-898], where additional assumptions were made. The proof is based on convergence
of the Schmidt pairs of the Hankel operator in a Sobolev space. We also give an application of this
convergence theory to a numerical algorithm for model reduction by balanced truncation.
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1. Introduction. Approximation of a transfer function by truncation of a bal-
anced state-space realization was first suggested for rational functions by Moore in
[21]. A (Lyapunov) balanced realization is a realization where the controllability and
observability Gramians are equal. The importance of balanced truncation relies on
an explicit H* bound on the difference of the transfer functions established indepen-
dently by Enns [10] and Glover [11],

N
(1.1) IG = Gullg~ <2 Y o.

k=n+1

In the above inequality o are the distinct singular values of the Hankel operator
associated with G, of which there are N and n is the number kept in the reduced
order system obtained by balanced truncation G,. When all the singular values are
simple, N and n are the dimensions of minimal state-space realizations of G and G,
respectively.

There have been many extensions to the concepts introduced in [21] including
those pertaining to bounded real systems [25], positive real systems [9], descriptor (or
differential-algebraic or singular) systems [32], and behavioral systems [18].

In this article we are interested in the case where the transfer function is non-
rational. In this case any realization must have an infinite-dimensional state space
and the existence of balanced realizations is nontrivial. A special case was treated
in Curtain and Glover [6] and the general discrete time case was proved by Young
[41]. This was subsequently converted to general continuous-time systems by Ober
and Montgomery-Smith [24]. In Glover, Curtain, and Partington [13] balanced trun-
cations and the H® error bound (with N = oo in (1.1)) were extended to a class
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of infinite-dimensional continuous-time systems. Balanced truncation for infinite-
dimensional discrete time systems was later established by Bonnet [2, 3], where the
corresponding H°° error bound was also proven.

The error bound (1.1) (with N = oo0) obviously holds when the right side is
infinite, and so there is only something to prove for systems such that the series in
(1.1) is finite (for some or equivalently for all n), which is certainly the case for systems
that have a nuclear (or trace class) Hankel operator. In proving the error bound (1.1)
(with N = 00), the authors of [13] made further assumptions that are unnecessarily
restrictive.

Therefore, in this paper we consider realization and approximation of systems with
a nuclear Hankel operator and, contrary to [13], we impose no further restrictions. The
question of which systems have nuclear Hankel operators has been addressed in, for
example, Curtain and Sasane [7] and Opmeer [27]. As a byproduct, we also obtain a
similar generalization of the H° error bound for optimal Hankel norm approximations
that was proven for the less general case in [13] and we obtain a convergence result
that is of interest for numerical approximations of balanced truncations of irrational
transfer functions.

The main technical novelties in our approach are that we consider realizations on
L' rather than L?, as treated in [13], and that we also consider convergence of the
Schmidt vectors of a Hankel operator in a Sobolev space. The article is organized as
follows. Formal statements of the main results are given in section 2. The subsequent
sections collect the material required for proving these results. Section 3 briefly de-
scribes Hankel operators on L? and gathers some known results in the notation used
here. In section 4 we consider the convergence of the Schmidt pairs of such Hankel
operators; this forms a crucial ingredient in the proofs of our main results. Section 5
focuses on the realization of G and the reduced order G,,. The proof of the error
bound (1.1) (with N = 00) is contained in section 6.

2. Summary of main results. Here we describe the main results of the paper.
We do not provide all the details at this stage, but refer the reader to the relevant
sections as appropriate. Our starting point is a nuclear (also known as trace class)
Hankel operator

H:L*R"%) - L*(RT; %),

where RT = [0, 00) and % and & are the input and output spaces, respectively, which
are always assumed finite dimensional. A key result from section 3 is a consequence
of the nuclearity of H.

ProposiTiON 2.1. If H is a nuclear Hankel operator then H is necessarily given

by

(2.1) (Hf)(t):/ h(t+s)f(s)ds, feL*RY;%), aa.t>0,

R+
and the impulse response h is LY(RT; B(%,%)).
We direct the reader’s attention to section 4 where the definitions of Schmidt
pairs and singular values of an operator are recapped. For now we recall that the

(distinct) singular values (0;);en of a compact operator T : L? — L? are the square
roots of the countably many eigenvalues of T*T', ordered such that

o1 >0 >---2>0,
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each with (geometric) multiplicity p; € N. The Schmidt pairs (v x,w; ) are the
eigenvectors of T*T and T'T*, respectively, corresponding to the eigenvalue o?.

The transfer function G associated with a nuclear Hankel operator H is the
Laplace transform of the impulse response h that appears in (2.1). Such a G always
belongs to the Hardy space H>(C{; B(%,%)) of bounded, analytic B(%, % )-valued
functions on the open right-half complex plane (CSr , and furthermore is regular with
feedthrough zero in the terminology of Weiss [40].

A triple of operators (A, B, C') with suitable properties is called a realization of G
if G(s) = C(sI — A)~' B on some right half-plane. Realizations are never unique. We
choose the exactly observable shift realization (on L') of G, described in section 5,
to define the balanced truncations. These truncated systems are defined using the
Schmidt pairs of the Hankel operator. A key property is that the Schmidt vectors
w; k. all belong to the Sobolev space W11(RT; %), which is the domain of A for this
particular realization.

DEFINITION 2.2. Let (A, B,C) denote the generating operators of the exactly
observable shift realization on L*(RY; %) of a nuclear Hankel operator. For fized
n € N, we define a truncated state space 2, as the linear span of Schmidt vectors of
the Hankel operator by setting

Py = span{wiy |1<i<n, 1<k<p),

which is a closed subspace of L', L?, and WYY (RY;%). We define the truncated
operators

(2.2) Ap :=PnAlz,, Bn:=P,B, Cp,:=Cla,,
where P, : LY(RY, &) — 2, is the projection onto Z,, defined by
no pi
Pox = ZZ(wi,k,x>L2wi7k Vo e LY R, %).
i=1 k=1

Note that throughout this work we use the notation ()12 to denote both the L? inner
product and the sesquilinear form

(23) (o) = / gz ds Ve IFRY:2), Vge LR 2),

which is finite by the Holder inequality. We will refer to (2.3) as the duality product
between L' and L>. Note that W' is continuously embedded in L.
The operators in (2.2) generate a finite-dimensional linear system on (%, Zn, %),

which we sometimes denote by [é: BO"], called the balanced truncation. The function

5+ Gn(s) == Cp(sI — A,) "By,

defined on some right half-plane, is called the reduced order transfer function obtained
by balanced truncation.

Definition 2.2 is consistent with earlier definitions of balanced truncation in the
literature and in sections 4 and 5 we demonstrate that this definition is well-defined.
We now state the main results.

THEOREM 2.3. Let G denote a transfer function with nuclear Hankel operator.
Then for any positive integer n

(2.4) IG = Gulla= <2 > o,

k=n-+1
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where (ok )ken 18 the sequence of distinct Hankel singular values and Gy, is the reduced
order transfer function obtained by balanced truncation.

Proof. Theorem 2.3 is proven in section 6. d

As in [13], the proof of Theorem 2.3 utilizes an intermediate approximation. The
specific intermediate approximation used is an abstract functional analytic construct,
but the general result used, here formulated as Theorem 2.4, is also relevant for
numerical approximations. In typical applications, h would be the impulse response
of some controlled partial differential equation specified by (A, B,C) and h,, would
be the impulse response of some semidiscretization (A,,, By, Cr) of (4, B,C). The
assumption that h,, — h in L' as m — oo made in Theorem 2.4 is typical in such
situations (see, for example, Morris [22]). The conclusion of Theorem 2.4 is that the
object G, which can be computed explicitly, converges (along a subsequence) to G,
the sought after object. See Singler [36] for further numerical results in this direction.

THEOREM 2.4. Let G denote a transfer function whose Hankel operator is given
by (2.1) with L' kernel h. Forn € N, let G,, denote the reduced order transfer function
obtained by balanced truncation, suppose that (N )men is such that

Ll
hpm — h, as m — oo,

and let (G™)men denote the corresponding sequence of transfer functions. If (GI")men
denotes the sequence of reduced order transfer functions obtained from G™ by balanced
truncation, then there exists a subsequence (7(m))men such that

(2.5) Grim ELBIN Gn, as m— 00.

Proof. See Proposition 5.10 for the proof. |
Remark 2.5. If all the Hankel singular values in Theorem 2.4 are simple then the
convergence (2.5) does not require a subsequence.

2.1. The Glover, Curtain, and Partington [13] assumptions. Versions of
Theorems 2.3 and 2.4 are proven in [13] under stronger assumptions on the original
system. Specifically, their assumptions are

(1) the Hankel operator H : L*(R*; %) — L?*(RT; %) is of the form (2.1) with

kernel h € LY(R™; B(%,%));

(2) he L*(RY; B(%,%));

(3) the kernel h is real, or if h is complex then the derivative h exists and h is

the kernel of a bounded Hankel operator;

(4) the singular values of the Hankel operator are simple;

(5) the Hankel operator H is nuclear.

We give an example of a physical system where assumption (2) fails and hence the
results of [13] do not apply.

Example 2.6. Consider the following heat equation in one dimension on the unit
interval

(2.6a) we(t, ) = wee(t,x) VE>0, 2 €[0,1],

where subscripts denote partial derivatives with respect to that variable. We impose
zero initial temperature profile, w(0,z) = 0, for all 2 € [0, 1], Neumann control, and
Dirichlet observation at the left end

u(t) == we (t,0),

(2.6b) y(t) = w(t, 0)

Vi>0,
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so that the input and output spaces are one dimensional and there is a Dirichlet
boundary condition at the right end

(2.6¢) w(t,1) =0 ¥t>0.

From [27, section 3, Theorem 3] it follows that the Hankel operator of (2.6) belongs to
the Schatten class S, for all p > 0, in particular, implying that the Hankel operator is
nuclear. To find the transfer function G in this example we take the Laplace transform
of (2.6) and solve the resulting ODE, which can be justified by Curtain and Zwart [8,
Examples 4.3.11, 4.3.12]. Some elementary calculations give

-1
(2.7) G(s) = 7 tanh(v/s), Res>0,
where we take the (unique) square root /s with argument in (=%, 7), so that Re/s >
0.

We claim that G ¢ H?(CJ) which, as the Laplace transform is an isomorphism
between L2(R*) and H2(C{), occurs if and only if h ¢ L2(R*), where as usual h is
the impulse response. To establish the claim note that along the line {w(1+i) : w > 0}
we have

tanh(w) 4+ 1 tan(w)

tanh(w(l +1)) = 7= tanh(w) tan(w) ’

and so
tanh’ tan?

(2.8) |tanh(w(1 +1))> = o (WQ) + tan’(w) -1 asw— 0.
1 + tanh®(w) tan?(w)

Therefore

2

G132 = /‘—tanh Vi)

(2.9) 2/R+£ tanh(ﬁ(%—i—ﬁ))‘z de/C %dw

by (2.8), for some C > 0 sufficiently large. The second integral in (2.9) is infinite so
that G ¢ H? and hence h ¢ L?, that is, assumption (2) from [13] does not hold.

In this work we seek to carefully describe where the assumptions (1)—(5) are used
in [13]. Proposition 2.1 above shows that nuclearity of H implies the integral operator
form, that is, (5) implies (1). In sections 4.1 and 5.4 we explain how assumptions (2)
and (3) can be avoided. It was already remarked in [13] that assumption (4) is
unnecessary, but that its inclusion does make the notation in the proofs simpler.

2
dw:/i‘tanh(\/ﬁ)‘ dw ,
R @l

2.2. Optimal Hankel norm approximations. We comment briefly on the
optimal Hankel norm approximations of [13, section 6]. We refer the reader to that
article and the references therein for more details. The following result is based on
[13, Theorem 6.4] and the proof appeals to Theorem 2.3 instead of the corresponding
result on balanced truncations from [13]. As such, the extra assumptions (1)—(4) from
section 2.1 are unnecessary for optimal Hankel norm approximations as well. We
comment that, unlike the H* error bound (2.4), in what follows the multiplicities
of the singular values do play a role. We recall precise definitions of these terms in
Definition 4.2 and Remark 4.3.

THEOREM 2.7. Let G denote a transfer function with nuclear Hankel operator
and let (0,)nen and (pp)nen denote the sequences of distinct Hankel singular values
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and their multiplicities, respectively. For each integer k there exists a transfer function
G € H*® of MacMillan degree Ty, := Zle p; such that

|G = Gillg = ort1,

where ||F|| g denotes the Hankel norm of the Hankel operator corresponding to the
transfer function F'. Thus Gy, is an optimal Hankel norm approzimation for G. More-
over, there exists a constant Do € B(%,%) such that

oo
Ok+1 < ||G—Gk —D()”Hoo < Ok+1 + Z Do .
j=k+2

There exists Gj, € H® of MacMillan degree ry, such that

~ o0
ort1 < |G = Gillu= < ) 0y,
Jj=k+1

but Gy is not an optimal Hankel norm approzimation of G in general.

Proof. The result mirrors [13, Theorem 6.4], where the authors (chiefly) extend
the work of Glover [11, 12], but restrict to the case where all the singular values are
simple. Crucially, [13, Theorem 5.1] is replaced by Theorem 2.3, where the stronger
assumptions are not required. For nonsimple singular values, the treatment of opti-
mal Hankel norm approximations for rational transfer functions by Zhou, Doyle, and
Glover [42, section 8.3] can be extended by arguing in the same spirit as is found in
[13, section 6]. a

3. Hankel operators between L2(R*; %) spaces. There is a large literature
on Hankel operators; see, for example, [30], [23], [28], and [29], with unfortunately
several different conventions used. The purpose of this section is to present a known
result in the convention used here. Specifically, Proposition 3.4, which states that a
nuclear Hankel operator L?(R*; %) — L?(R*; %) is necessarily an integral operator
of the form (2.1) with L! kernel.

We start by recalling the definition of a Hankel operator in an abstract Hilbert
space setting based on shift operators. The following definition is taken from Rosen-
blum and Rovnyak [33, p. 1].

DEFINITION 3.1. Let # denote a Hilbert space. An operator S € B(J) is a
shift on A if S is an isometry and (S*)™ converges strongly to zero as n tends to
infinity. We define a (bounded) S-Hankel operator H on € as a bounded operator
which satisfies

S*H =HS.

It is possible to define Hankel operators between two different spaces. If £ is an-
other Hilbert space, the operator H € B(J€,.L) is (S1,S2)-Hankel if there exist shift
operators S; € B(), So € B(ZL) such that

S;H = HS; .

We collect results for Hankel operators from L?*(RT, 27) to L?*(R*, %) corre-
sponding to the right-shift semigroup described below, where 27, 25 are arbitrary
Hilbert spaces.
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DEFINITION 3.2. For a Hilbert space 2, define the family of right-shift operators
(S&"J(T))TZO on LQ(R—"—’ ff) by

Sz (7)f)t) =

0 t<T.

{f(t—f) t>T,

The adjoint operators are the left-shift operators given by
(S () )t) = f(t+7) Vi, 7 >0

DEFINITION 3.3. The operator H is (S, ,Sg,)-Hankel if it is (S, (7),S%,(T))-
Hankel for every 7 > 0, so that

S, (T)H = HS (1) V7 2>0.

From now on all Hankel operators considered are (S, , S #, )-Hankel (and bounded),
and so we shall omit the prefix (Sg,,Sz,). Transfer functions of a nuclear Hankel
operator have atomic decompositions given by Coifman and Rochberg [5] and the
following result which uses these decompositions is based on Partington [29, Corol-
lary 7.9].

PROPOSITION 3.4. Let 27 and 25 denote finite-dimensional Hilbert spaces. A
Hankel operator H : L*(R"; 27) — L*(R*; 23) is nuclear if and only if H is an
integral operator given by

(3.1) (Hf)(t) = /000 h(t+s)f(s)ds Y feL*R";2), a.at>0,

with h € LY(RT; B(27, 25)) satisfying

(3.2) h(t) := Z An(Reay)e™t, ¢t>0,
neN

for sequences (An)nen € 1(B(21, 25)) and (an)nen C Co . The function

Rea,
(3.3) G(s)—%)\ns_an, Res >0,

is the Laplace transform of h and G € H*(C§, B(21, 25)) and is the transfer func-
tion of the system with Hankel operator H. Furthermore, if h, denotes the pth partial
sum of (3.2) with corresponding Hankel operator H, then H, converges to H in nu-
clear norm as p — oo.

Remark 3.5. The transfer function G of a Hankel operator is only determined
by the Hankel operator up to the addition of a constant operator. For the transfer
function in (3.3) that constant is fixed by the condition

lim G(s) =0.
seR
S§—00
We see that the transfer function is regular with zero feedthrough [40].

Remark 3.6. The Coifman and Rochberg atomic decomposition (3.3) can equiv-
alently be expressed as any nuclear Hankel operator is the (possibly infinite, but
absolutely convergent) sum of rank one Hankel operators. A discrete time version
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of this equivalence is given in Peller [30, p. 237]. We note that the transfer function
of a Hankel operator is rational if and only if the corresponding Hankel operator is
finite rank; this is Kronecker’s theorem; see, for example, [29, Corollary 4.9]. Every
finite-rank Hankel operator is nuclear, and thus every rational transfer function ad-
mits a decomposition of the form (3.3), although in general this sum is infinite. The
latter case occurs when the rational transfer function has a repeated pole, such as
S ﬁ Computing a Coifman and Rochberg atomic decomposition exactly in
general is, as known to the authors, intractable.

Remark 3.7.

(i) In [13, Theorem 2.1] the following bound is proven:

(3-4) [Pl < 2| H|[~n

for a nuclear Hankel operator H given by (2.1). However, the proof of (3.4) in
[13] uses the fact that h € L. It seems to have been missed that the atomic
decomposition (3.2) implies that h € L'. That h € L! can be seen from the
monotone convergence theorem applied to the partial sums

M
(0,00) 3t > [[An(Reay)e | € L.

n=1

(ii) The inequality (3.4) demonstrates that h € L! is necessary for the Hankel
operator H to be nuclear. However, note further that » € L! is not sufficient
for nuclearity of the Hankel operator given by (3.1). A counterexample is
contained in Glover, Lam, and Partington [14, Example 2.3]. There they
show that although the kernel h given by

[07 OO) St h(t) = e_tX[Loo)(t) s

where s is the indicator (also called the characteristic) function on J C R
clearly belongs to L!, the Hankel operator (3.1) with kernel A is not nuclear.

4. Convergence of Schmidt pairs of integral Hankel operators. In this
section we describe properties of the Schmidt pairs of a Hankel operator given by
(2.1) with L' kernel, which by Proposition 3.4 includes nuclear Hankel operators. We
derive a convergence result, Theorem 4.4, for the Schmidt pairs when the kernel is
approximated in L' that is crucial in proving our main results. We first collect some
elementary facts regarding Sobolev spaces.

Remark 4.1. For 2 a Hilbert space, m € N, and 1 < p < 0o, the Sobolev space
wmp = WmP(RY; 2) is defined as f € LP(R"; Z) such that all m (distributional)
derivatives fM ..., f(™) belong to L? as well. The norm on W™ is given by

1

1l = | 1l + Do IF N

j=1

We are mostly interested in W11 and W12, and note the following facts:
(i) Wl and W12 are both continuously embedded into the space of continuous
functions on R* with the supremum norm,
(4.1)
veWH = o)l < |1 and we W2 = |w]le < V2w

1,2-



1374 CHRIS GUIVER AND MARK R. OPMEER

Both of the estimates in (4.1) are readily established by writing for x € RT,

> d

v(z) = — /00 v'(t)dt and ||w(oc)||2 =— E(w(t),w(t» dt,

T
respectively. Consequently, when arguing with W' and W2 functions we
shall always choose a continuous representative (so that point evaluations are
well-defined).

(ii) Wbt is continuously embedded in L2, which follows from the Holder inequal-
ity and (4.1), namely,

veWhh = )l < vl vlle < 0I5 -

We recall the definition of singular values.

DEFINITION 4.2. Let %1, %> denote Banach spaces and T € B(%1,%2). For
k € N, the kth singular value (also called s-value or approximation number) of T,
denoted sy, is defined as

s :=1nf {||T — Ty : rank T, <k —1}.

We define the kth distinct singular value oy, of T as follows. If s1 = sy = -+ = s},
and sp, > Sp, 41, for some py € N, then we set

01 =81 =82 = "+=38p, 02=38p4+1=""",

and so on. As such, the kth distinct singular value oy has multiplicity pr, € N and
satisfies oy, > o1, although o), now need not necessarily be the distance of T to rank
k — 1 operators. Using this convention the operator T is nuclear if

Zsk = Zpk(fk < Q0.

keN keN

We comment that if all the singular values are simple, then the sequences of singular
values and distinct singular values coincide.

If 54 and %% are Hilbert spaces and T' € B(J4, .94) is compact, then the dis-
tinct singular values are precisely the square roots of the countably many eigenvalues
of T*T, indexed in decreasing order. In this instance we denote by p; the (finite)
(geometric) multiplicity of the eigenvalue o?. The Schmidt pairs (v; ,w; ) of T are
eigenvectors of 7T and T'T*, respectively, corresponding to a singular value ;. The
Schmidt pairs can be chosen to satisfy

Wi c % T’U’Jc = o;W; k )
i ) *z Wi ks VieN, 1<k<p,
ik €4, T Wik = 03Uk,

and are always chosen orthonormal.

Remark 4.3. Singular values of compact operators between Hilbert spaces are
often defined as the square roots of the eigenvalues, indexed in decreasing order, as
in Lax [20, p. 330], for example. By Gohberg, Goldberg, and Kaashoek [15, The-
orem VI. 1.5] the definition of singular value found in [20] is equivalent to that in
Definition 4.2.

The key assumption of this section is the following.

(A) The operator H : L>(RT;%) — L?*(R™;%) is a Hankel! operator given by

(2.1) with kernel h € L*(R*; B(%,%/)). The input space % and output space
2% are finite-dimensional Hilbert spaces.

More precisely (Sg,,Say)-Hankel in the terminology of section 3.
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Note that under assumption (A) it follows from [13, Appendix 1] that H is a compact
operator L2(R*; %) — L?(R*T;%), and so the singular values of H are precisely
the square roots of the countably many eigenvalues of H*H, ordered in decreasing
magnitude. The following theorem shows that for a sequence of integral operators
of the form (2.1), convergence of the impulse response implies convergence of the
Schmidt vectors of the operators in L? and also in the Sobolev space W1,

THEOREM 4.4. Assume that H satisfies assumption (A) and let (ok)gen denote
the distinct singular values of H, each with multiplicity pr € N. Let (hy,)men denote
any sequence of kernels approximating h in the sense that

Ll
hypy — h, as m — oo.
Define (Hp)men as the sequence of Hankel operators L*(RY; %) — L*(R*; %) given
by the integral operators

(4.2) (Hn f)(t) == /000 ho(t +35)f(s)ds YV fe€L*RT;%), aa.t>D0.

Let (crgm))ieN denote the distinct singular values of H,,, also ordered in decreasing

magnitude, each with multiplicity pl(»m) € N. Then for all k € N there exists [, € N
such that with lg := 0,

Ugm) —or forie{lg—1+1,... 1k}

173
as m — 00.
and Z pz(-m) — Dk,

i=lp_1+1

(4.3)

(m)  (m)

Choose orthonormal Schmidt pairs of Hy, denoted by (v;,.”,w;,."), where

r e {1,2,...,p§m)}.

Then

(i) the Schmidt pairs satisfy Ul(,r:) e WHY(RY; %) C L?, wl(,”:) e WHI(RY; %) C
L?, for alli,m € N and all r € {1,2,... ,pgm)};

(ii) there exists a subsequence (m;);en along which for each k € N there exists
1e€N,qge{1,2,...,pt}, and r such that

1,1
vaj) r, Uk qs

(4.4) ’ as j — oo;

(my) wh!
wi,r Wk,q,

(ili) the (Vk,q, Wk,q) are Schmidt pairs for H corresponding to oy, and (wk,q),lcé%gp’“

form an orthonormal basis of eigenvectors in L? for HH* and (vk,q)igégp’“
for H*H .

Remark 4.5.

(i) The statement of Theorem 4.4 is notation heavy in order to account for the
multiplicities of both the distinct singular values (o )ken of H and (U](cm))keN
of Hy,,. The easiest case to understand is when H and H,, have simple
singular values for every m € N, which is the case considered in [13]. The
nonsimple case is conceptually similar, and we treat it for full generality,
although the proofs become more complicated. Intuitively, what is important

is that there is a subsequence (m;);en along which every sequence (U,(cn:,j )) JeN

and (w]g’:j))jeN has a W1t limit (which is also a limit in L?), and we get
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“enough” limits, in the sense that the limits of (v,(cnr” ))jen and (w,(ﬁj N jen
form an orthonormal basis of eigenvectors for H*H and H H*, respectively.
(ii) If in addition to the assumptions of Theorem 4.4, all the singular values of H
are simple, then the convergence of Schmidt pairs in Theorem 4.4 does not
require a subsequence. We do not give the details, but this follows from [13,
Appendix 2, p. 896] and Lemma 4.7 below combined with [4, Exercise 5.5].

(iii) Note that for this section we do not need to assume that our original Hankel
operator H is nuclear, instead only that it satisfies assumption (A). Certainly,
by Proposition 3.4, nuclearity of H is sufficient for (A) to hold.

The remainder of this section is dedicated to proving Theorem 4.4. We collect two
required technical results, the first from Lax [19] and the second based on Chatelin
[4, Theorem 5.10] and [4, Table 5.1].

LEMMA 4.6. Let A denote a Banach space on which is defined a continuous
sesquilinear form (-,-) which induces a new norm under which the completion of A is
a Hilbert space €. Suppose that T is a bounded operator on B such that

(Tz,y) = (z,Ty) Vao,yecR

Then

(1) T extends by continuity to an operator in B(H);

(2) the spectrum of T over S is a subset of the spectrum of T over A;

(3) the point spectrum of T' over A is contained in the point spectrum of T over

FC and the eigenspace of T over B with respect to an eigenvalue X\ is the
same as the eigenspace of T over F with respect to the same eigenvalue.

LEMMA 4.7. Suppose that T, T,, : B — B are compact operators on a Banach
space B such that T, — T uniformly as m — oo. Let A denote an eigenvalue of
T and let (Apm)men denote a sequence of eigenvalues of (Ty)men. If Am — A as
m — 00, and (U )men 8 a uniformly bounded sequence of eigenvectors corresponding
to A, then there exists a subsequence (vm;)jen that converges to an eigenvector of T
corresponding to \.

Note that Lemma 4.7 states that the limit of a uniformly bounded sequence of
eigenvectors of (T}, )men is an eigenvector of 7', but not that every eigenvector of T'
is obtained in this way. In the general case, this latter statement is not true (see,
for example, [4, Example 5.5]). However, for self-adjoint operators on a Hilbert space
it is true (a proof can be found, for instance, in [26, Lemma 10.19]). To establish
Theorem 4.4 we show that, loosely speaking, the convergence in the weaker L? Hilbert
space norm combined with continuous embedding of W' in L? gives convergence of
the Schmidt pairs in the stronger W' Banach space norm. Lemmas 4.8, 4.9, and
4.10 contain the details.

LEMMA 4.8. Let & denote a Banach space continuously embedded into a Hilbert
space F, so that there exists a constant C > 0 such that

(4.5) [vlle < Cllvlla Vove 2.
Let T, T,, denote compact operators on % such that
(4.6) T — T wuniformly on B as m — oo.

Fixz an eigenvalue \ of T with corresponding eigenvector v. Suppose that there exists
a sequence (A )men, where Ay, is an eigenvalue of Ty, such that

(4.7) Am = A, as m — o0,
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and also there exist eigenvectors v'™ of T,, corresponding to A, which are orthonor-
mal in F, and such that
(4.8) o™ Ly, as m— oo

Then it follows that along a subsequence
(4.9) p(mi) 2, v, as j — oo.

Proof. Without loss of generality we may assume that the constant C' in (4.5) is
equal to one (else define an equivalent norm C| - ||z on % which induces the same
topology on #). Fix an eigenvalue A and corresponding eigenvector 0 # v € £ of
T. By assumption there exists a sequence (vy,)men of eigenvectors of T,, that are
orthonormal in .7 and such that (4.8) holds. We seek to prove that the convergence
in (4.9) holds as well. To that end for m € N define

(4.10) 2(m = %v(m) for which [[2(™||z = [Jv]2 < cc.

The sequence (z(™)),, ey satisfies the hypotheses of Lemma 4.7 and so there exists a
subsequence (not relabeled) along which

(4.11) PUQIEN P, as m — 00,

with ¢ an eigenvector of T'. It remains to show that ) = v. From (4.10) and (4.11)
we see that

(4.12) el = tim [}zl = [lv]l > 0.
and from the continuous embedding (4.5), convergence in (4.11) gives

(4.13) 2m) 2, ¥, as m — oo.

We want to compare the convergence in (4.8) and (4.13), using the definition of z("™)
in (4.10). If ||v(™)]|| z is unbounded, then by (4.8) and (4.10) we see that

(4.14) PURNEN O, as m — oo,

and so ¢ = 04 by uniqueness of limits. However, as %8 C 7 are vector spaces they
share the same zero element and thus we obtain the contradiction Og # 1) = 0 =
0. Consequently, ||v(™)| 4 is bounded and so has a convergent subsequence (not
relabeled) with limit B > 0. From the continuous embedding (4.5)

L= o™ < 0" )5 YmeN,
it follows that B > 1. Combining now the definition (4.10) of z(™) the algebra of

limits, and the convergence (4.8) we obtain

H(m) 2, ||U||£3U’

B
which when compared with (4.13) yields

as  m — 0o,

(4.15) b= H“ﬂf” in .
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As both sides of (4.15) belong to £, equality (4.15) and the injectivity of the inclusion
B — A imply that

[0l v
B

Taking % norms in (4.16) and using (4.12) gives B = ||v||% which when substituted
back into (4.16) yields that 1) = v, as required. 0

We now turn attention to Hankel operators satisfying (A) and suitable approxi-
mations with a view to applying to Lemmas 4.6-4.8 and thus establishing the desired
convergence of the Schmidt pairs.

LEMMA 4.9. Let H denote a Hankel operator satisfying (A). Then H is a compact
operator L>(RY, %) — L*(RY; %), WHYRY, %) — WEYRY; %), and every Schmidt
pair (v,w) of H satisfies

ve WHH (RN %), we WHY(RT; #).

n A.

(4.16) b =

The Hilbert space adjoint operator H* satisfies (A) with h(t) replaced by h*(t) =
(h(t))* and % and % interchanged. Thus H* is a compact operator L*(RT; %) —
L2 (RT; %), WHYRY; @) — WHYRY; %), and in both cases is defined by

(4.17) (H"f)(t) = /R+ h(t+s)f(s)ds Y fe L2(R;%).

Proof. Tt is proven in [13, Appendix 1, p. 895] that H satisfying (A) is a compact
operator LY(RT; %) — L*R*; %), L>(RT; %) — L*(R*;%). We abuse notation
and use the symbol H to represent any of these maps. Let ||H|y (||H||2) denote
the Hankel (operator) norm of a Hankel operator H satisfying (A) considered as an
operator on L' (L?). The key estimates

(4.18) [H ||y, [1H ]2 < (IRl

which we shall make frequent use of, are proven in [13, Appendix 1, p. 895].

We first prove that H is a bounded operator WHH(R*; %) — WHHRY; %) and
for this we need the following formula for the derivative of the Hankel operator given
by (2.1):

(4.19) (Hf) =—=nf(0)-Hf ¥ feW"(R";%),

noting that we use both notations ¢ and ¢’ to denote the first derivative of g. We recall
Remark 4.1 in that we always choose continuous representatives of W! functions to
understand point evaluations such as those in (4.19). The derivation of (4.19) is given
in [13, Appendix 1]. For f € W11 we consider

(4.20) [H fllva = [[H fllx + I(Hf) -
The first term on the right-hand side of (4.20) is clearly bounded by
(4.21) [H - Al < Rl 1D,

where we have used the bound (4.18). We now estimate the second term on the
right-hand side of (4.20). From the formula for the derivative (4.19) we see that

ICE P N < IROFO), A+ IE AL < Rl 1)l + 1H - [
(4.22) <Al lloo + 11 W11 < 20070 - £l
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where we have used the estimates (4.18) and (4.1). Inserting (4.21) and (4.22) into
(4.20) we obtain

(4.23) IH fllva < 3|Rllx - I ],

and so H : Wh! — Wbl is well-defined and bounded. To prove compactness let
(fn)nen € W1 denote a bounded sequence in Wt which is therefore also a bounded
sequence in L!. Since H : L' — L' is compact, there exists a convergent and so
Cauchy (in L') subsequence (H fr, (n))nen € L*. The sequence (f, (n))nen is bounded
in L' and so by the same argument, (H fﬁ(n))neN has a convergent and hence Cauchy
subsequence denoted (H fTQ(n))neN' Observe that the trace map

T:WHY(RY %) — %, Tu=u(0),

is bounded and finite rank and so is compact. Therefore there exists a subsequence
of (T fry(n) = fra(n)(0))nen, denoted by (T fr,(n))nen, that is convergent in % and so
Cauchy in 7. We now compute for m,n € N,

HHffs(n) - Hffs(m)”Ll = HHffs(n) - Hf7-3(m)H1 + ||(Hf7'3(n) - HfTs(m))/Hl

< HHffs(n) - Hf7-3(m)H1 + HHffs(n) - Hffs(m)Hl
(4.24) + |llx - [ frs () (0) = frgm) (0) ||,

where we have used the formula (4.19) for the derivative of H f.,. By construction
the right-hand side of (4.24) converges to zero. Thus, the sequence (H fr,(n))nen is
Cauchy in W1 and so convergent, completing the proof that H : Wbt — Wl is
compact.

We now focus our attention on the Hilbert space adjoint map H*. First note that
h* € LYN(R*; B(#%, %)) as

IIh*H1=/ 17" ()| (2 ) dt:/ [h() B2 dt = ||h]1,
R+ R+

where h*(t) = (h(t))*. A short calculation shows that H* : L2(R*; %) — L?(RT; %)
is indeed given by (4.17) and so H* certainly satisfies (A) with % and ¢ interchanged
and h replaced by h*. The operator H* is compact L?(R*; %) — L*(R*;%) and
WL R, &) — WHYR*; %) for the same reasons that H is. The claims for the

Schmidt pairs (v, w) of H now follow from Lemma 4.6, with
(4.25) B =By =W RN %), H# =y =L*R",%), T=H"H,
' and B =By =W R, %), H =y =L*R"; %), T=HH*

for v and w, respectively. In both cases we use that T is symmetric with respect to
(-,-)12, that the closure of W1 in L? is L?, and that as T is compact (in both %
and J€), o(T) = o,(T) U {0}, where o, denotes the point spectrum. O

LEMMA 4.10. Let H denote a Hankel operator satisfying (A) and choose (hp,)men <
LY(R*; B(%,%)) such that

(4.26) hom, z, h, as m — oo.

Defining the operators H,, by (4.2), there exist constants C1,Cs > 0 such that, for
m € N sufficiently large,

(4.27) |H*H — Hy Hipl11 < Cllh = han|1,

(4.28) |HH® — By HY |y < Collh— .
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Thus H}, H,, and H,, H}, converge uniformly to H*H and HH*, respectively, on W1
as m tends to infinity.

Proof. By construction H,, satisfy (A) with h replaced by h,, and so the con-
clusions of Lemma 4.9 hold for H,,, H}, and the Schmidt pairs of H,,. We prove the
estimate (4.27); the proof of (4.28) is similar and is thus omitted. For v € Wh!
consider

|(H*H — Hy He)vll11 < [[H |11 [(H — Hy)vllia
(4.29) +H* = Hy v [[Hmvll

To bound (4.29) we use (4.23) and its versions for H*, H,,, H* and the differences
H — H,, and H* — H}, namely,

[H 12 < 3IA7[[x = 3[[Alls, [[(H = Hm)vlla < 3[|h = hmll1 - [[v]l11,
[Hmollia < 3[[hmll - l[olles [[H" = Hyllia < 3[[h = 1.

Applying these bounds in (4.29) gives

(H*H — Hy Hin)vll1,0 <3[Rl + [[hmll1) - (12 = Bl - [[v]l1,1,
<3(||hllx + 2||Rl1) - 1k = Amll1 - |vll1,1,  m sufficiently large,

which proves (4.27). O
We now have all the ingredients to prove Theorem 4.4.
Proof of Theorem 4.4. (i) Follows immediately from Lemma 4.9 applied to H,,.
(iii) From Lemma 4.9 we have H, H,, compact L?*(R*;%) — L*(R™;%). Ap-
plying the estimate (4.18) it follows that

1H = Hullz < [lh = huml]1,

and so H,, converges uniformly to H on L? as m — oc. Therefore, by [26, Lemma 10.21],
the distinct singular values U]im) of H,, with corresponding multiplicities p,gm) con-
verge as in (4.3) and moreover we can choose orthonormal Schmidt pairs of H,, that
converge in L? to (a basis of) orthonormal Schmidt pairs of H as claimed.

(i) The result of Lemma 4.10 combined with the L? convergence established in
(iii) implies that all the hypotheses of Lemma 4.8 hold with T, 9%, and 2 given
by (4.25) and T,,, = H} H,, (respectively, T,, = H,H}). Therefore we obtain
convergence of a subsequence of the Schmidt pairs in By, (and Ay ) which gives the
desired convergence in W11, We use an induction and diagonal sequence argument
to obtain the existence of a single subsequence along which every Schmidt vector
converges. Specifically, using the above argument we find a subsequence (71(m))men
along which

(r1(m)) W

Ui,q V1,r, .
- Vie{l,2,...,11},Vq,r.
Wy WL

Using the above argument again we obtain a subsequence of (71(m))men, denoted
(72(m))men, such that

i,q ) .
Vie{li+1,2,...,1s},Vq,r.
(r1(m)) W {h 2h: V4
i,q — Wa,r
By repeating this process we obtain a sequence of subsequences indexed by 7,(m),
and taking the diagonal sequence (7,,(m))men gives the desired result. O
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4.1. Relation to earlier work. We briefly explore the consequences of the
extra assumptions in [13] on both H and its Schmidt pairs. The key difference is
whether h € L? or not. Recall that Example 2.6 contains a physically motivated
example where h ¢ L2.

LEMMA 4.11. Let H denote a Hankel operator satisfying (A). The following are
equivalent:

(1) he L>(RT; B(%,%));

(2) H:WL(RY; %) — WEH2(RY; %) is compact.

If either (1) or (2) above hold then

(3) every Schmidt pair (v,w) of H satisfiesv € WH2(RY; %), w € WL2(RT; #).
If additionally the vectors (vi7k(0))§§£§pi span % then (3) implies (1).

Remark 4.12. The assumption (vi,k(O))ié\?Spi span % is always the case if % is
one dimensional, as for every i € N there always exists k such that v; ;(0) # 0. See
[6, Lemma 4.3] for a proof of this assertion when the singular values are simple and
[1, Theorem 7.2] for the general case.

Proof of Lemma 4.11. (1) = (2): The proof is similar to the proof that H is
compact on W! from Lemma 4.9, only now taking L? norms instead of L' norms.
Note that the same formula (4.19) holds for the derivative of H f when f € W12

(2) = (1): Rearranging the derivative formula (4.19) gives

(4.30) h(t)f(0) = =(Hf)'(t) = (Hf)(t) V[feW'A(RT;%).

The right-hand side of (4.30) is in L2, and hence so is the left-hand side. Since % is
finite dimensional, it follows that h € L2.

(1) or (2) = (3): This is analogous to Lemma 4.9 with W1 replaced by W12
and follows in the same way from Lemma 4.6.

Now we assume that (Ui,k(O))gé\]fSpi span % .

(3) = (1): That h € L? follows readily from the derivative formula (4.30) with
f =i as here

h(t)vik(0) = —(Hvik)'(t) — (Hi ) (t) = —oitbi k() — (Hip)(2)-

The right-hand side is L? and thus so is the left-hand side. Since this holds on a basis
for % we conclude that h € L? as required. [

The significance of the Schmidt vectors belonging to W2 is that they belong to
the domain of the generator of a semigroup of a well-posed realization of H on L2.
We describe realizations in section 5.

As we might expect, when h € L? and is approximated by h,, in both L' and
L?, we also get convergence of the Schmidt pairs in W2 which is described in the
following corollary.

COROLLARY 4.13. Let H denote a Hankel operator satisfying (A) and suppose
additionally that h € L?. If (hm)men are chosen such that

L',L?
(4.31) Ry —— h, as m — o0,
and H,, are given by (4.2) then all the conclusions of Theorem 4.4 hold. Moreover,
the choice of Schmidt pairs of H,, in Theorem 4.4 converge to the Schmidt pairs of
H in Wb2 as well as the senses already established in (4.4).

Proof. The proof is the same as that of Theorem 4.4 only with the Banach spaces
A in (4.25) replaced by

(4.32) By =W2NWH R Z), |-z, =]

12+

1,15 gE{%,@}
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Here we restrict attention to %y, H*H, and H} Hy,. Arguing as in Lemma 4.9 and
using Lemma 4.11, it follows that H*H and H, H,, are compact on %4. Furthermore,
a calculation shows that there exists constants C3, Cy > 0 such that

IH"H — Hy Hinll g z,,) < Csllh = hmll1 + Callh = hi]]2.

Assumption (4.31) implies that H} H,, converges uniformly to H*H on %4 as m
tends to infinity. The rest of the proof proceeds as before, just noting that convergence
in %4, implies convergence in W' and W2 via (4.32). O

Remark 4.14. In [13] the authors choose sequences of partial sums of the Coifman
and Rochberg decompositions (see Proposition 3.4) as approximations of h and G.
This guarantees nuclear convergence of the Hankel operators, and so L' convergence of
the kernels and H* convergence of the transfer functions (see the inequalities (6.3) for
a proof of these assertions). In [13, Lemma 4.2], the authors tweak the approximating
sequence G by setting

m
F™(s):= L@, m € N,
1+e,s

for some sequence of positive numbers (g,,)men converging to zero. The sequence
(F™),men converges to G in the above senses, but also in H2. Therefore the impulse
responses converge in L' and L?. We remark in section 5.4 how L? convergence
of the impulse responses is used in [13]. We remark here though that in light of
Corollary 4.13, it follows that the Schmidt pairs of the Hankel operators corresponding
to F,, converge in W12 to those of the Hankel operator corresponding to G.

Remark 4.15. 1In [13] the space of absolutely continuous, uniformly bounded
functions with distributional derivatives in L' is used and denoted by C' with the
norm

I£ller = 1 flloe + £

The space C! is also used by Adamjan, Arov, and Krein in [1]. The estimate (4.1)
shows that W1! is continuously embedded into C'. As such we recover from Lemma
4.9 that the Schmidt pairs of a Hankel operator satisfying (A) also belong to C*.
Additionally, under the assumptions of Theorem 4.4, from that result we see that
the Schmidt pairs of H,, converge in C* to Schmidt pairs of H. We have chosen to
use W1 instead of C' as W! is the domain of the main operator of the exactly
observable shift realization on L', the realization we use to define truncated systems
in terms of Schmidt pairs.

5. Realizations and truncated realizations of integral Hankel operators.
Here we describe realizations of bounded Hankel operators of the integral form (2.1)
with L' kernel. We also describe truncations of these realizations, and make precise
what we mean by the reduced order system obtained by balanced truncation. Our
ultimate aim is to prove Theorem 2.4 and also to provide the ingredients to prove
Theorem 2.3. We prove Theorem 2.4 by finding a realization of G} that converges
to a realization of G,. We have a similar strategy to that of [6] and [13], in that we
seek a realization that we can describe in terms of the Schmidt pairs of the Hankel
operator. Our novel approach is then to use the W' convergence of the Schmidt
pairs established in section 4. Propositions 5.10 and 5.12 are the main results of this
section; the former is a more detailed version of Theorem 2.4 and describes convergence
properties of approximate balanced truncations to the exact balanced truncation. The
latter describes properties of the reduced order system.
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We remind the reader that a version of Theorem 2.4 has been proven for a specific
approximation in [13] under the stronger assumptions listed in section 2.1. We are
only assuming that the Hankel operator satisfies (A) from section 4 and seek to derive
convergence in H> of any approximate sequence of reduced order transfer functions
G™, satisfying h,, — h in L' as m — oo, to the exact reduced order transfer function
Gp.

We briefly recap well-posed linear systems and realizations. Well-posed linear
systems on L? date back to the work of Salamon [34, 35] and Weiss [38, 39]. We use
the notation

(5.1) [%’%} on (%, 2, %)

to denote an LP well-posed linear system for 1 < p < oo with output space, state
space, and input space %', 2", and %, respectively. Here T is a strongly continuous
semigroup, ® is the input operator, ¥ is the output operator, and F is the input-
output operator. For example, if [é 5] are the generators of a finite-dimensional
input-state-output system then

T(t) = e, (Du)(t) = / t A=) Bu(s) ds,
0 t>0.

(W) (t) = CeMag, (Fu)(t) = Dult) + C’/Ot A9 Bu(s) ds,

We will make use of many results from the monograph of Staffans [37] dedicated to
well-posed linear systems. We refer the reader to [37, section 2.8] for the precise
definition of (5.1) and how our notation is related to the notation of [37].

The term realization is usually understood as a realization of an input-output
(linear, time-invariant, causal) map on LP, rather than of a Hankel operator. We
refer the reader to [37, Definition 2.6.3] for more details. We remark, however, that a
system with impulse response h € L*(R*; B(%;%)) has a transfer function which is
regular in the uniform topology with zero feedthrough by [37, Theorem 5.6.7]. Recall
from section 3 that the transfer function is only determined by the Hankel operator
up to an arbitrary constant, the feedthrough. By ensuring h € L' we have fixed zero
feedthrough and so the Hankel operator completely determines the transfer function.
Therefore for the class of systems we consider, a realization of the transfer function
is equivalent to a realization of the Hankel operator.

Balanced realizations of a system with a Hankel operator satisfying the assump-
tions of section 2.1 are described in [6, section 2]. Output-normal realizations for the
same class of systems are described in [13, section 3]. More recently, output-normal
and balanced realizations have been described for L? well-posed linear systems in
Staffans [37, Chapter 9.

We now describe the realization we use that is similar in effect to an output-
normal realization, but instead has a Banach space state space. We are unable to
use the realizations in [6] or [13] as the impulse response is not necessarily in L?. We
describe in more detail in section 5.4 why this is important.

5.1. The exactly observable shift realization on L!. From [37, Exam-
ple 2.6.5 (ii)] any bounded Hankel operator H : L'(R*; %) — L' (R*; %) given by
(2.1) has an L' well-posed shift realization
{ S* | H

(5.2)

1 +.
| o @ene),
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called the exactly observable shift realization on L', where I is the input-output map,
which by the above discussion is determined entirely by the Hankel operator. The
semigroup S* is the left-shift semigroup on L'(R*; %), defined analogously to that in
Definition 3.2. The generating operators of the realization (5.2) are given by the next
lemma.

LEMMA 5.1. Let H denote a Hankel operator satisfying (A). The generating
operators (A, B,C) of the exactly observable shift realization (5.2) of H are

(5.3)  A:D(A) = L'RT; %), Aw =, we D(A) =WH (R, 2),
(5.4) B:% — L'(RT;%), Bu=h()u, uwew,
(5.5) C:D(A) - %, Cz = z(0), z € D(A).

Proof. By [37, Example 3.2.3 (ii)] the operator A given in (5.3) is the generator
of the left shift semigroup S*. Similarly, by [37, Example 4.4.6] the operator C' in
(5.5) is the observation operator of (5.2). To find the control operator first note that
B defined in (5.4) is certainly bounded as h € L!. The (extended) input map of the
system with generators (A, B) is (formally) given by

L'RT; %) 3 uvs doou = S*(s)Bu(s) ds.
R+

Using the formula (5.4) we see that for u € L' and t > 0

(Poou)(t) = [ S*(s)Bu(s) ds] (t) = /R+ h(t+ s)u(s) ds = (Hu)(t),

R+
that is, ®, is well-defined as it is equal to the Hankel operator H, which is the
input map for the realization (5.2). Since the control operator in B(%, L*(R*; %))
is unique, it follows that B defined by (5.4) must be the control operator for the
realization (5.2). O

Remark 5.2. The exactly observable shift realization (5.2) is generally not ap-
proximately controllable, and so not minimal. However, by [37, Theorem 9.1.9 (i)] we
can obtain a minimal realization from (5.2) by changing (reducing) the state space
to im H, the reachable subspace, instead. That (5.2) is not necessarily controllable is
not an issue, as we shall see in section 5.2 that the truncation method gives rise to a
minimal finite-dimensional system.

We need the following “adjoint” operators to those of Lemma 5.1.

LEMMA 5.3. Let H denote a Hankel operator satisfying (A) and let A, B denote
the generating operators from Lemma 5.1. The operators defined by

A*: D(A") - L'RY: %), A'w=—w, we D(A*) =Wy (RT; %),

(5.6) B*:D(A) - %, B*z = (H*x)(0), =€ D(A),

are adjoint to A and B in the sense that

(Az,y)p2 = (x, A%y)r2 Vo € D(A), Vy € D(A"),

5.7
(5.7) (Bu, )12 = (u,B*x)9y Yu € %, Vxe D(A).

The above L? inner products are understood as the duality pairing of L* and L*° (the
latter containing W), Recall here that D(A) = WHL(RT; %).
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Proof. For the adjoint property (5.7) beteen A and A* the key calculation is
(Az,y)r2 = (@,y)r2 = [(2(t), y(O) o]y — (2,9) L2,

where we have integrated by parts. Now using that z € W1,

<Amvy>L2 = —<$(0),y(0)>g1/ - <$ay>L2 = _<x7y>L2 = <$5A*y>L2

wheny € D(A*) = VVol’1 (RT; %). We now consider B*, which is certainly well-defined
on its domain as for z € D(A)

1B (|2 = [[(H*x)(0)[l2 < [[h*]|1 - =lloe < [IRl]1 - [l2[[11-
To see the adjoint property (5.7)

(Bua)oo = [ (sya(so ds = (o [ 1(sats) ds)
= (H2)(0) 5 = (. Bx)y. D

5.2. Truncations of the exactly observable shift realization. The follow-

ing lemma and definition forms a more detailed version of Definition 2.2.
LEMMA 5.4. Let (wi)k)ig\lfgpi denote an orthonormal basis of Schmidt vectors of

a Hankel operator satisfying (A). For n € N define
(5.8) Ly i=span{w;p |1 <i<n, 1 <k <pi},

which is a closed subspace of L', W11, and L?. We use the notation 2.}, 2,11, and
22 to denote X, considered as a subspace of L', WYt and L?, respectively. Then
there exist complementary subspaces 2}, Z2Y, and Z? such that

L'RT2) =20 2!,
WH(RY ) = 20" @ 2,0,
L*RT %)= 2720 22,

and these decompositions are all orthogonal with respect to the L? inner product or
duality product as appropriate. There exist continuous projections

4

P, : L*(RT; %) — 272, Qu:=1-P,:L*R") = 22,
P, : WHY (R, %) — 211 Qu:=1I1—P,: WhY(R") - bt
Pn: L' RT;2) — 21, Qn:=1-P,: L' R") —» 2},

where P, is a restriction of P, and P, is the continuous extension of P,. Fach
projection P, P,,, and P, is given by

n o pi
(5.9) T Z Z<wi>k’ T)[2Wi

1=1 k=1

on its domain. The projections Py, Qn, P, and Q, satisfy the self-adjoint-like rela-
tions

<x77)ny>L2 = <anay>L27 1
5.10 Va,ye L'RY; %),
10 (@ Qe = (Qu )i )
7Pn 2 = Pn 9 2,
(5.11) (@ Paglee = (Pazyiees gt g,
<$7 Qny>L2 = <an7y>L2
The L? inner products in (5.10) are understood as the duality pairing.
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Proof. We do not give the full proof as it is reasonably elementary. Interested
readers should consult Guiver [17, Appendix B]. The decomposition of L? follow
from the usual orthogonal decomposition. Since 2, C W' C L? we obtain the
decomposition of Wt by restriction. As W' C L! we extend the decomposition
of Wb by continuity to obtain that for L'. Briefly, the self-adjointness properties
follow from the orthogonality of the decompositions with respect to the L? inner
product. O

We now have the ingredients to define what we mean by a balanced truncation.

DEFINITION 5.5. Let (A, B,C') denote the generating operators from Lemma 5.1
of the realization (5.2) of a Hankel operator satisfying assumption (A). Using the
decompositions and projections of Lemma 5.4 we define the operators

(5.12) A, = ,P"ALQZ%J’ B, =P,B, C),:= O|«9fil

The operators in (5.12) generate a finite-dimensional linear system on (%, Zn, %),
called the reduced order system obtained by balanced truncation, or just the balanced

truncation, which we denote by [éz BO"}. The function

(5.13) s Gp(s) = Cn(sI — Ay) " 'B,,

defined and analytic on some right-half complex plane, is called the reduced order
transfer function obtained by balanced truncation.

Remark 5.6.

(i) For the operators defined in (5.12) to make sense it is crucial that 2, C
D(A) and that B is bounded; properties established in Lemmas 4.9 and 5.1,
respectively.

(ii) If G is irrational then H has infinitely many nonzero (and thus positive)
singular values. The sequence of distinct singular values (oj)reny may or
may not be infinite, as a given singular value may have infinite multiplicity.
When additionally H is nuclear, however, (o )ren has infinitely many terms
and these values must converge to zero. In this case the truncation space
2, in (5.8) and the balanced truncation [éz %"} from Definition 5.5 are
defined for every n € N. In this work our standing assumptions for balanced
truncation is that G is irrational and H is nuclear. To prove our results,
however, we shall use rational functions and their balanced truncations as
intermediate approximations. A transfer function J is rational precisely when
its Hankel operator H; is finite rank and therefore its sequence of singular
values contains only finitely many nonzero terms. In this case the truncation
space and balanced truncation are only defined for n < N, where A is the
number of distinct singular values of H ;.

(iii) In Lemma 5.4 we define Z;, as the direct sum of eigenspaces of H*H corre-
sponding to the first n eigenvalues, which are assumed from section 2, and
throughout this work, the n largest eigenvalues. Recall that the square roots
of the eigenvalues of H*H are the singular values of H. Keeping the largest
singular values in the truncated system, and omitting the rest, is essential
for a tighter error bound in (2.4). In principle, however, we could define a
truncated system as in Definition 5.5 by restricting and projecting onto any
sum of eigenspaces.

Remark 5.7. We now drop the distinction 2}, 2,11, 272 and simply consider

A, as an operator A, : 2, — 25, where 2, is still given by (5.8) and is equipped
with the L? inner product, so that (25, || - ||2) is a finite-dimensional Hilbert space.
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Remark 5.8. Let u := dim% and y := dim % and choose orthonormal bases
(yi)_y, (wzk)iéféf, and (u;)¥_, for &, 2, and %, respectively. Then the operators
(An, By, Cyp) in (5.12) have (block) matrix representations with respect to the above

bases:

A(n) = (Aij) =1, Ay € CPZPi0 (Aij)i = (wik, Wi1) L2,
(5.14) B(n) = (B, B; € CP> 0 (B = (o3vik(0), ur) %,
C(n) == (Ci)iz1, C;eCV i (Corr = (Y, wi1(0))a.

We recall the definition of a stable and output-normal realization for finite-
dimensional systems. The latter concept extends to infinite-dimensional systems,
but we do not need it for our purposes.

DEFINITION 5.9. Let [2 B] denote a minimal realization of a rational transfer
function. We say that

(i) A or [é B is stable if A is asymptotically stable, that is, every eigenvalue of

A has negative real part, and

(ii) [A B] is output normal if the observability Gramian is the identity.

We now have the ingredients to state and prove the first of our two main results
of this section. Both of these results are used in the proof of the error bound of
Theorem 2.3. Proposition 5.10 below is a more detailed version of Theorem 2.4 and
describes convergence properties of approximate balanced truncations to the exact
balanced truncation.

PROPOSITION 5.10. Let H denote a Hankel operator satisfying assumption (A)
with transfer function G. Choose orthonormal bases (y;)?_, and (u;)*_, for % and
U, respectively, where y=dim % and u= dim % . Let (hy)men denote any sequence
in LYRY; B(%; %)), chosen such that hy, — h in L' as m — oco. Let (G™)men
denote the sequence of transfer functions each with impulse response hy, and let N'(m)
denote the number of distinct singular values of the Hankel operator of G™. Let
(A™ B™ C™) denote the generators from Lemma 5.1 of the exactly observable shift
realization (5.2) of G™. Forn € N and m € N with n < N(m), let (A7, B™, C™)
denote the balanced truncation of G™ from Definition 5.5 on (¥, 2", %), which is
well-defined by Remark 5.6(ii). If the Schmidt vectors defining 2" are chosen as in
Theorem 4.4 then there exists a subsequence (T(m))men, such that the following hold:

(1) the matriz representations of A;(m),B;(m), and C;(’”) with respect to the

bases

T7(m 1<k< (r(m)) u (m
(Wi)iz1s (U’E,k( )))@ig_zil ,and (w)i, for W, 27, and %

converge elementwise to matrix representations of Ay, By, and C, with re-
spect to the bases

W)ly, (w22l and (w)l, for @, 2, and %.

The operators Ay, By, and Cy, are truncated operators from Definition 5.5 of
the exactly observable shift realization (5.2) for H;

(2) letting G;(m) and G,, denote the reduced order transfer functions obtained by
balanced truncation from G™) and G, respectively, then

(5.15) Garm ELN Gn, asm — .
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Remark 5.11.

(i) Under the assumptions of Proposition 5.10, if additionally the singular values
of H are simple, then all the convergence in Proposition 5.10 holds without
needing a subsequence.

(ii) For ease of presentation, we only prove the first claim of Proposition 5.10
in the case when the singular values of H and H,, (the Hankel operator
with kernel h,,) are simple. A proof of the general case can be found in
[17, Proposition 5.3.9]. In either case our strategy is the same: to prove
the convergence in (1) by proving componentwise convergence of the matrix
representations of A", B, and C] from Remark 5.8. The notation in the
general case, however, becomes so cumbersome as to obscure the argument.

Proof of Proposition 5.10. From Theorem 4.4 and Remark 4.5(ii) every Schmidt

vector of H,, converges in L? and W' to a Schmidt vector of H. Thus for every
keN,

m) Wwht
}(C ) > Uk,

(5.16) L as m — 00.
(m) W=
wy, o Wk,

Furthermore, from Theorem 4.4 forn € Nand 1 < k < n, the wy form an orthonormal
(in L?) basis for 2,, given by (5.8). Define matrices (A(n), B(n),C(n)) by (5.14), with
entries in terms of the above W' limits. Since these W' limits are Schmidt pairs
of H, it follows that (A(n),B(n),C(n)) are the matrix representations (with respect
to the bases (v;)7_,, (w;)"_,, and (u;)¥_;) of A,, By, and C,,, respectively.

Under the assumption that the singular values are simple, the formulas (5.14)
simplify to

A(n) € C™", (A(n))ij
(5.17) B(n) € C™*,  (B(n))s;
C(n) e G, (C(n))i; =

(wi, ;) 2
(oii(0), UJ>%7
<y17 w]( )>

The truncations (A", B*,C'") of (A™, B™,C™) from Definition 5.5 have matrix
representations (A" (n), B™(n),C™(n)), as in (5.14). Again these simplify to

A" (n) € C (A™ () = (w™, ™) e,
(5.18) B™(n) € TV, (B () = (0! 0™ (0), uj)a,

€™ (n) € TN (C™()ig = (yi ™ (0)a-
We prove that the matrices in (5.18) converge elementwise to (5.17) which proves the
first claim. We have for 1 <14,5 <n

(A(R))ij — (A™(0))ij] = wi, gy p2 — (W™, ™) 2]

z J

< Jlwi = ™ oo - il + 0™ oo - s — 8™ |14
by the Holder inequality. Thus by (5.16)
(A())i; — (A™ (1)) < [lwi = wi™ |11 - [lwslls + lod™ [l - g — w8™ 1,1

— 0, asm — oo, by (5.16).
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Next consider for 1 <i<n, 1 <j <u,
[(B(n))ij — (B™(n))ij] = [(0i0:(0), uz) 2 — (o™ 0™ (0), u5) %

<10 o™ (0) = i (0) |l - |[ujlla

o™ = ol - i (O - sl
by the Cauchy—Schwarz inequality. Hence for m sufficiently large

((B(n))ij — (B™(n))ij| < 2|ai] - [[0™ = villi1 + o™ — i - [|s]
— 0, as m — oo.

1,1

The convergence of (C™(n));; to (C(n));; is proved similarly.
The second claim, the convergence in (5.15), follows once Proposition 5.10(1) is
established, as in the proof of [13, Lemma 4.4]. O

5.3. Properties of the balanced truncation and Lyapunov equations.
We now state and prove the second main result of section 5, which describes properties
of the balanced truncation.

PROPOSITION 5.12. Let H denote a Hankel operator satisfying assumption (A)
with transfer function G and let G,, denote the transfer function obtained by balanced
truncation of G. The realization [é: BO"] on (¥, %, %) of Gy, from Definition 5.5
is minimal, stable, and output normal. Moreover, the Hankel singular values of the
balanced truncation are the first n singular values of H, with the same multiplicities.

The proof of Proposition 5.12 is conceptually very similar to that of Pernebo
and Silverman [31] for Lyapunov balanced truncation for finite-dimensional systems.
A proof in the finite-dimensional case can also be found in Green and Limebeer
[16, Lemma 9.4.1]. The broad idea is to derive some Lyapunov equations that the
truncated operators A,,, By, C}, and their adjoints satisfy. From here we prove A, is
stable and then the claims that [é: B(’)"} is minimal and output normal follow from
standard finite-dimensional arguments. Since the operators to be truncated A, B, and
C are defined on Banach spaces with some inherited Hilbert space structure, we argue
carefully and need to collect some technical results beforehand.

We first make a remark on the notation we shall use from now on. Recall also
the interpretation of .2, from Remark 5.7 as a Hilbert space equipped with the L2
inner product.

Remark 5.13. Given a Hankel operator satisfying (A) let A, B,C denote the
operators from Lemma 5.1, and recall the decompositions and projections of Lemma
5.4. We define the decompositions

PnAlz, PnAl|zia A A

1 A= " 2t | =

(5.19) {an‘ﬂ.%n OnAl g1 Ao Agal|’
_|\P.B| _ |B:

oo [

(5.21) C=[Cla, Clypa]=[C1 Cof,

so that A, = A1, B, = By, and C,, = (1.
LEMMA 5.14. Given the operators and decompositions of Lemmas 5.1 and 5.4
and the notation of Remark 5.13, let A%, : 2, — %, denote the (Hilbert space)
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adjoint of A1y so that
(5.22) (x,An1y)re = CAL 2, y) 2 Va,y€ 2.
The operator 2A%, is an extension of

A} = PrnA |2, ap(ax) 1 Zn N D(A™) = 2,

where A* is the (adjoint) operator from Lemma 5.3. Therefore *A3; C 2A%,, which
are equal on Z, N D(A*), and for simplicity we denote both of these operators by Af,
on Z, N D(A*). Defining the restrictions

By :==DB"g, : Zn = U, DB3:=DB"|y1: zh s,
the Hilbert space adjoint of By is By = Pp,B : % — %, so that
(5.23) (x,Biu)p2 = (Biz,u)qy Yu€ U, Vxe L.

Proof. For x,y € Z,

<$7Ay>L2 = <,an7A|5?fny>L2 = <$a7)nA|%ny>L2 by (510)7
(524) = <$,A11y>L2.

If additionally = € D(A*) then by the adjoint property (5.7)

<$7Ay>L2 = <A*x,y>L2 = <A*|%an(A*)$7Pny>L2a
= (PuA™|2,npay2,y) 2 by (5.10),
(5.25) = ("A52, ) L2

Comparing (5.24) and (5.25) we obtain
(5.26) (x, Any)re = MAf 2, y) e Yo € 2, ND(AY), Vye Z.

The Hilbert space adjoint 2Af, satisfies (5.22) by definition, and so the claims of the
lemma follow from (5.26) and the unicity of the Hilbert space adjoint.
To prove the claims for Bj it suffices to prove (5.23). Let u € %, x € Z,, so that

(Biz,u)q, = (B*x,u)q, = (x, Bu)g, by (5.7),
= (Ppx, Bu)q, = (x, Pp,Bu)g, by (5.10),
= <$a Blu>%7

and so the result follows by the unicity of the Hilbert space adjoint of BY. O
DEFINITION 5.15. Given the operators of Lemma 5.1 and decompositions of
Lemmoa 5.4, recall the operator Ais from Remark 5.13, given by

A12 = PnA'fz"’T}‘l : gnl’l — %-n

We denote by Aj, the operator QnA*| 4, np(ar) : Zn N D(A*) — 2.
Remark 5.16. It can be proven that A}, from Definition 5.15 satisfies

(5.27) (2, A12y) 12 = (A2, y)r2 Va € 2, ND(AY), Vy e D(A),
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explaining the notation. We do not need this fact for our argument and so omit the
proof.

In the next lemma we collect several Lyapunov equations which the operators
HH* A, B,C, A", and B* and their truncations satisfy.

LEMMA 5.17. Let H denote a Hankel operator satisfying (A) and let L :=
HH*, which recall is a compact operator L*(RT;%) — LY(R*; %), L?(RT;%)
L2(RY; %), and WHL(RY; %) — WEYRY; %). Then L satisfies

(5.28) (x,Ly)2 = (Lx,y). Yo WH(RY; %), Vye L'RT;2),
and

(5.29) Q.L|a, =0,

(5.30) PnLlz = 0.

Define the decomposition

PnLla, PnL|a Ly O
5.31 L= " n| = .
(5:31) QuLla Qullsy] |0 Ly

Let A, B,C, A*, B* denote the operators from Lemmas 5.1 and 5.3. Then the following
equations hold on D(A*):

(5.32) A+ A=0,
(5.33) AL + LA* + BB* =0,

and their related inner-product versions hold:

(5.34) (Av,w) 2 + (v, Aw) 2 + (Cv,Cw)yy =0 Yov,w € D(A),
(5.35) (ALv,w)r2 + (v, ALw) 2 + (B*v, B*w)ey =0 Vo,w € 2.

The L? inner products in the above two equations are understood as the duality pairing
of L' and L™ (the latter containing W), The following truncated equations hold:

(5.36) (Aniz,y)pe + (x, Anry) 2 + (Crz,Cry)ay =0 Va,y € 25,
(5.37) (AnnLiz,y) e + (x, AnnLiy) > + (Biz, Biy)a =0 Vz,yc 2y,

where Ay1, By, BY,C1 are the operators from Remark 5.13 and Lemma 5.14. The
following truncated operator equations hold on 2, N D(A*):

(5.38) Afy + A2 =0,
(5.39) A1l + L1 AT, + B1B] =0,
(5.40) Ao Ly + Ly ATy + BaBY = 0.

Moreover, the following truncated operator equations hold on 2, :

(541) 2AT1 + A + 20;01 =0,
(5.42) Li?A3, + Ay Ly + BBy = 0.

The above operators are given by Remark 5.13, Lemma 5.14, Definition 5.15, and
2Cr W — 2, is the Hilbert space adjoint of C.
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Proof. The equalities are proven in order. Both sides of (5.28) make sense and
are finite as

reWhl = LeeW"lCL® and yel' = LyelL?

and so both sides of (5.28) are the pairing of an element of W11 and an element of
L'. To prove (5.28) let x € Wil and y € L!. Then as W!! is dense in L' there
exists a sequence (Y )men € Wt such that

Ll
Ym — Y, as m — 00.

By Remark 4.1 (ii), Wt C L? and so x and y,, are elements of L?. As L : L? — L?
is self-adjoint on L2,

(x,Ly)r2 = lim (@, Lym)rz = Um (La,ym)r2 = (L, y) 2,
m— 00 m—00

where we have used the continuity of L on L' and of the duality product.
We now prove (5.29) and (5.30). Observe that Z;, is the sum of the eigenspaces
of L corresponding to the first n eigenvalues, so is L-invariant and thus (5.29) holds.
To prove (5.30) consider x € 2;, and y € 2, so that Q,,y = y and thus

(La,y)r2 = (L|la, 2, Qny)r2 = (QnL| 2, x,y) 2 by (5.10),
=0 by (5.29).

Furthermore, by the self-adjointness of L in (5.28),
0= (Lz,y)r> = (v, Ly)r2 = (Pnx, L|z1y) 2> = (v, PpnL|z1y)r> by (5.10).
Therefore P, L|z1y € 27, and from the above is orthogonal to 2Z;,. We infer that
PnLllziy=0 Vyc¢e !

and so (5.30) holds.

We now prove the Lyapunov equations. Equation (5.32) is established trivially
given the definition of A* in Lemma 5.3. For (5.33), let € D(A*) = W' and
t € RT, so that from the derivative formula (4.19) for H*z and Hx we compute

(AL + LA )a(t) = - (HH")(1) — H(H'3)(1)
= —h(t)(H*z)(0) — H(%H*x + H 3)(t)
N—
=—h*()2(0)
= —h(t)(H*z)(0), asz(0)=0,
= —(BB*z)(t).

To establish (5.34) let v,w € D(A) = Wbl and ¢ > 0, so that

d

— L), w(b)s.

(0(t), w(t))ar + (v(t),w(t))a
Integrating both sides over RT and using the fundamental theorem of calculus gives

(Av,w)rz + (v, Aw) 2 = —(v(0),w(0))e = —(Cv, Cw)g,
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which we can rearrange to give (5.34). To prove (5.35), note that w; x, w;, € %, are
eigenvectors of L and thus

(5.43) <ALU}¢71€,U}]‘71>L2 + <U}i7k, Aij7[>L2 = <a2wl k> W3, l>L2 + <’w1 ks o2 wJ l>

A calculation now shows that

(Wi, 04051 2 = <wm d—HUj,l> = [(wik(t), Hvj () ]g — (Wik, Hvji)pe
2

= —(wik(0), Hvj1(0))ar — (H ;i 5, vj1) 12
= (h*()w % (0), Ugl>L2 —(H” wuﬁv],lﬁ
= (=h"(Jwik(0) = H Wik, vj1) 12
d
(5.44) <d_ wi,k,vj,l>L2,
(545) = 0y 'Uz kaw]l>L2

where we have used the derivative formula for H* in (5.44), which is given by (4.19)
with h and H replaced by h* and H*, respectively. Multiplying both sides of (5.45)
by o; implies that

(5.46) <wi7k,(7]2-’u'}j)l>L2 = O'i(fj<’l')i7k,’l}j7[>L2

Interchanging the indices ¢ and j and k and [, the same calculation to that above
gives

(5.47) <0i2u'}i7k,wj)l>Lz = O'in<Ui7k,'l.}j7l>L2

Substituting (5.46) and (5.47) into (5.43) yields that

(ALw; g, wj1) 2 + (Wi, ALwj 1) 12 = 0305 ((Vi gk, D50) L2 + (Vik, V5,0) 12)

d
_ - 7 <(71U1 k(t), O'j’l}j7[(t)>% dt

—(0ivi.k(0), 050;,1(0))
= —((H"w;x)(0), (H"w;,)(0)) %
(5.48) = —(B w1, B*wj ).
Equation (5.35) now follows by noting that any x € %2, can be expressed as a linear

combination of finitely many w; 5, and that (5.48) is sesquilinear.
To prove (5.36) we start from (5.34), considered for z,y € 2, C D(A),

0= <Ax7y>L2 + <$a Ay>L2 + <OZIZ, Cy>@
= (Alz, 2, Pny)r2 + (Pux, Ala,y) 12 + (Cla,z,Cla, v)o
= (PnAlz,2,y)r2 + (2, PuAl|2,y)r2 + (Cla,x,Cla,y)» by (5.10),

which is (5.36). The proof of (5.37) is similar to that above, starting from (5.35).
To prove (5.38) we apply Q,, to (5.32), and consider for x € D := %2, N D(A*)

0=0Q, (A" +A)x = Q, A" pr + Q,A| 2,z = Al,x + Az,

where we have used Definition 5.15 for A7,.



1394 CHRIS GUIVER AND MARK R. OPMEER

Next, for € D, applying P,, to (5.33) gives
(5.49) 0 =P.(AL + LA* + BB*)z = P, AL|o,x + P, LA*|px + By B} x.
We consider the first two terms on the right-hand side of (5.49) separately. First,
PnLA*|p = PuL(Pn + Qn)A"|p = PnLla, PnA|D + PnL|g1a QuA*[D
—— —_—

=L =0 by (5.30)
(5.50) =LA} = L1 A7,

Second,

(6.51) PnLAL|g, = PhA(P, + Qn)L| 2, = PnA|l2, P L|a, + PnA|gi,1 QnL|a,,

where in (5.51) we have used that L maps W11 into W! so that the compositions
Pl and QnL|s,

make sense. Now P, L|g, and L; are equal on %, as P, and P, are equal on
Zn = LZ,. Additionally, Q,L|2, is equal to Q,L|g, on %, which is the zero
map, and so Q, L], is also zero. Therefore, (5.51) becomes

(5.52) PoAL| s, = PpAla, PuL|o, = ALy

Combining (5.49), (5.50), and (5.52) gives (5.39).

The proof of (5.40) is very similar to that of (5.39) only, instead, now we multiply
(5.33) by Q,, instead of P,,. The Lyapunov equations (5.41)-(5.42) follow immediately
from the inner-product versions (5.36) and (5.37), respectively, where in the second
equation we have used the adjoint property of By in (5.23). a

Proof of Proposition 5.12. We recap that we need to prove that the system

éz BO"} is stable, minimal, and output normal. These claims will follow in light of
(5.41)—(5.42) (where A,, = A1, B, = By, C,, = C}) once we establish that Ay is
stable. In particular, if Aj; is stable then from (5.41) it follows that the reduced
order system is output normal. Output-normal realizations are trivially observable.
Moreover, if Aj; is stable then (5.42) implies that L, is the controllability Gramian of
the reduced order system. The decomposition (5.31) demonstrates that with respect

. <k<p; . 3
to the orthonormal basis (wm)izfsz for 25, L1 has matrix representation

diag {011,,,...,021,,}, I, the identity matrix on C?,

which is positive definite and thus the reduced order system is controllable. Addition-
ally, the Hankel singular values of the reduced order system are the first n singular
values of H, with the same multiplicities.

We therefore concentrate on proving the stability of A;;. As already mentioned,
the argument that A, is stable is based on the argument for finite-dimensional Lya-
punov balanced truncation, but we need to be careful about which spaces the operators
involved are defined on.

A short calculation using (5.36) demonstrates that every eigenvalue of Aj; has a
nonpositive real part. Seeking a contradiction, therefore, we assume that A;; has a
purely imaginary eigenvalue A. Let Z C 2, denote the eigenspace of Ay correspond-
ing to A. We observe immediately from (5.36) that for z € Z

(Cz,C12) = —2Re (Ap1z,2) 12 = —2||z]|2(ReN) =0 = Ciz=0
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or, equivalently, C' restricted to Z is zero. Since Cz = z(0) we infer that
(5.53) zeZ = Cz=z0)=0 = ZCDA)=W,"R"%),

in particular, {0} # Z C £, ND(A*). Considering (5.36) again for x € Z and y € 2,
and using (5.53) we observe that

0= <A11$,y>L2 + <x7A11y>L2 = <)\$,y>L2 =+ <2AT1$,y>L2 = <()\I + QATI)x7y>L27
and as y € 2, was arbitrary,
Ajjx=-) x=Xx VYVzeZ

Since Z C 2, N D(A*), from Lemma 5.14 we see that 1A}, and 2Aj, are equal on Z
and so

(5.54) Az ="'A5x=2A0x =Xz VzeZ

For x € Z, by using the adjoint Aj; property in the Lyapunov equation (5.37) we
obtain

(Lyx, AT 2) 2 + (Ajyx, Lix) 2 + (Bix, Bix)g =0,
which when we rearrange and use (5.54) yields

Bz, Bia)a = —({Lyz, Ay} i + (A7y3, Lyz) 12) = —2(Re M) {Lyz, 2) g2 =0,
= Biz=0.

We conclude that B* restricted to Z is zero. Therefore from the truncated equation
(5.39) we obtain for x € Z

(5.55) (A11L1 + L1 ATz = 0.

Inserting (5.54) into (5.55) gives Aq1(L1x) = A(L1x) for any x € Z, and so we infer
that Z is Lq-invariant. Now the truncated equation (5.38) yields for z € Z

AT23} = —A21£IJ,
which when substituted into (5.40) gives

Ao Lz + L2A>{2x + By BT{E =0,
N

=0

and so
(556) A21L1 = L2A21 on Z.

Since Z is Li-invariant we can restrict L; to an operator L] : Z — Z, and remark
that the spectrum of L7 is contained within the spectrum of L;. Let p denote an
eigenvalue of L7, with corresponding eigenvector v. From (5.56) we note that

L2(A21’U) = A21L1’U = /J,(Aglv).
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As L7 and Ly have disjoint spectra, we conclude that Asjv = 0. Therefore, the
operator A has eigenvector v € Z, corresponding to the eigenvalue A, as

Av=Alg,v="PrA|2,v+ QnA|2,v=A11v+ Ayv = .

As such the semigroup S(t) has eigenvector v with eigenvalue e*. Recall that the
realization (5.2) has as output map the identity, and so using (5.53) we obtain the
contradiction

v(t) = (Iv)(t) = CS(t)v = eMCv = 0.

We conclude that A, = Ay; is stable and the proof is complete. 0

5.4. Relation to earlier work. We make comparisons between the results of
section 5 and [13, sections 3 and 4]. Lemma 4.11 demonstrates that h € L? occurs
if and essentially only if the Schmidt pairs of H belong to W12, The space W2 is
the domain of the main operator of the output-normal shift realization on L?; the
realization used in [13]. Without the assumption h € L? we instead have to rely
on Lemma 4.9 which states that h € L! implies that the corresponding Schmidt
pairs belong to W', As we seek realizations where we can naturally describe the
truncations in terms of the Schmidt vectors we choose to use the exactly observable
shift realization on L'. This is the L' equivalent of the output-normal realization
(which is a Hilbert space concept).

Despite the different realization of the infinite-dimensional system used, our def-
inition of reduced order system obtained by balanced truncation agrees with that of
[13, section 4] in the sense that there the truncation is defined in terms of the matrices
given by (5.17). Recall that these are (5.14) once adjusted for multiplicities of the
singular values.

As Proposition 5.12 shows, the reduced order system we obtain is output normal
and minimal. Moreover, as Theorem 2.3 demonstrates, using this truncation method
we obtain the infinite-dimensional version of the Lyapunov balanced truncation error
bound. Neither of these results require the extra assumptions of [13]. For instance,
conclusion (2) of Proposition 5.10 is the same as [13, Lemma 4.5]. The key results
there are [13, Lemma 4.3] and [13, Lemma 4.4]. The former establishes convergence
of the Schmidt pairs in L> and so also at zero and is proven by approximating h € L?
by h,, such that h,, — h in L' and L? as m — oo (see Remark 4.14). Convergence
of the Schmidt pairs at zero then gives componentwise convergence of the matrices
B and C™ in (5.17) to B; and C;, respectively. The assumption that h is real or h
exists and is the kernel of a bounded Hankel operator is used in [13, Lemma 4.4] to
prove componentwise convergence of the A77. This assumption is unnecessary, and is
avoided by using the W11 convergence of Schmidt pairs from Theorem 4.4.

Throughout section 5 we did not need to assume that H is nuclear, only that
assumption (A) holds.

6. Proof of Theorem 2.3. The proof is similar to that of [13, Theorem 5.1],
only the technical results of [13] have been replaced with ours to accommodate our
weaker assumptions. Specifically, [13, Lemma 4.4] has been replaced by Proposi-
tion 5.10. We also need to account for the multiplicities of the singular values, but
note that the singular values are not repeated in the error bound according to multi-
plicity, in other words, the distinct singular values appear in the error bound (which
is also the case for the finite-dimensional bound).
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Proof of Theorem 2.3. We assume that G is irrational, which combined with
the assumption that the Hankel operator H is nuclear, implies that the sequence of
distinct singular values (0;);en has infinitely many nonzero (and so strictly positive)
terms. There is no loss in generality in making such an assumption as the result is
known when G is rational. We first prove that

(6.1) IG — Gpllg= — 0, as n — oo,

by using partial sums of the Coifman and Rochberg decompositions of G from Propo-
sition 3.4 as intermediary terms in (6.1) and applying Proposition 5.10. That is, for
m € N define

S — Gy

(6.2) Z/\j Rea;) t>0, G™(s) ::Z)\j eaJ7 Res >0,
j=1 j=1

so that the sequence (H,,)men given by (4.2) converges in nuclear norm to H. The
following chain of inequalities holds:

(6.3) IG = G™ oo < b = hm|ly < 2|H — Hpn|[n,

where the second inequality is (3.4).

Note that as G™ is rational for each m € N, its Hankel operator H,, is finite rank.
Therefore, H,, has only finitely many distinct singular values, the number of which
we denote by N'(m). As usual we denote by ( §m))§v(in ) the distinct singular values
of H,,. From our assumption that H has infinitely many nonzero, distinct singular
values, the convergence (4.3) in Theorem 4.4 implies that (A (m))men is unbounded

from above. Thus for fixed n € N, there exists M; (which depends on n) such that
(6.4) meN and m>M; = Nm)>l,+1>n+1,

where ({,,)nen is the increasing sequence of positive integers from Theorem 4.4 which,
recall, satisfy [,, > n for each n € N. For m,n € N we let G denote the balanced
truncation of G™ which, as described in Remark 5.6(ii), is well-defined whenever
N(m) > 1. By (6.4) we have that G} is well-defined whenever m > M;.

Let € > 0 be given. Since H is nuclear there exists N € N such that

(6.5) neN and n>N = Z pkcrk<—
k=n+1

Now fix n > N and assume that [,, > n-+1. The alternative case where [,, = n will be
addressed later. The Lyapunov balanced truncation error bound for rational transfer
functions applies for estimating the difference G;, — G,,, namely,

ln 0o
g
(6.6) HGln_GnHHOO <2 E o <2 E PLOE < 3’
k=n-+1 k=n+1

where we have used the bound (6.5). For the above we have used that the output-

normal realization [’é" BO"] of GG, is the balanced truncation of the output-normal

realization [é;" B ] of G,,, which follows from Proposition 5.12.
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By choice of the H,,, we can choose My € N, independently of n, such that
(6.7) meN and m>M, = |\H—Hm||N<f—6,
so that by (6.3) for m > M,
m €
(6.8) G —G™ g~ < 3
Now choose M3 € N (which depends on n) with Mz > M; such that

ln n
m) _(m) <
(6.9) meN and m>M; = ij o; —lejoj < 16’

which is possible by the convergence in (4.3). For each m € N with m > M3 we now
invoke the Lyapunov balanced truncation error bound for rational transfer functions

again to estimate the difference G™ — G, namely,
N (m)

(6.10) IG™ — Gl <2 > o™
k=ln+1

We use the bound (6.9) to show that for m > Ms the right-hand side of (6.10) can
be bounded by an arbitrarily small term. Specifically,

> e 3 el = [ el S ) + e
k=ln+1 k=l,+1 k=ln+1 k=1 k=1
N(m)

= me)a,i’” Zpko'k + Z PLOk
k=n-+1
(me)ff;(cm) Zpk0k>-
k=1

Therefore, by the triangle inequality

N(m)
20 > o <2<||H Hplln + Z ProK +

ZP m)Uz(cm Zpkak
k=1

)

where we have obtained (6.11) by appealing to the bounds (6.7), (6.5), and (6.9),
respectively. Combining (6.10) and (6.11) we obtain for m > M3

k=l,+1 k=n+1 k=1
€ € 3e
6.11 <2 ( = —) _——
( ) 16 + 16 + 16 8

3¢
(6.12) IG™ — G || < 3
The inequalities (6.3) imply that the impulse responses h,, converge to h in L! as
m — oo and so the conditions of Proposition 5.10 are satisfied. By this result we can
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choose My € N (which depends on n) with My > M; and a subsequence (7(m))men
such that

7(m) 3¢
(6.13) meN and 7(m)>m>My = |G —Gi g < 5
It remains to combine the bounds (6.6), (6.8), (6.12), and (6.13). Choose m € N such
that 7(m) > m > max{Ms, M3, My} > M; from which we estimate

IG — Gullir= < |G = G| g + |GT™ — G| s
(6.14) FIGTT™ = Gy, = + |Gry, — Gl

(6.15) <-4+t 4o =

To summarize, for every € > 0, there exists N € N such that n € N and n > N
implies that (6.15) holds; equivalently, we have proven (6.1). If [,, = n then the proof
is the same as above, only noting that here G;, = G, so although the bound (6.6)
no longer makes sense, the final term on the right-hand side of (6.14) is zero and the
proof of (6.12) is as before.

To prove the error bound (2.4) for n € N we use the finite-dimensional Lyapunov
balanced truncation error bound

J 0o
(6.16) G = Grllg= <2 > ok <2 Y on j>n.
k=n+1 k=n+1

Let € > 0 be given so that by (6.1) we can choose j € N, j > n such that

IG = Gulli < 11G = Gyllua= +1G; = Gulla= <c+2 3 o,
k=n-+1

where we have used (6.16) to bound the second term above. Since ¢ > 0 was arbitrary,
we conclude that (2.4) holds. 0

REFERENCES

[1] V. M. ApAMJAN, D. Z. Arov, AND M. G. KREIN, Analytic properties of the Schmidt pairs of a
Hankel operator and the generalized Schur-Takagi problem, Mat. Sb., 86 (1971), pp. 34-75.

[2] C. BONNET, Approzimation of infinite-dimensional discrete time linear systems via balanced
realizations and an application to fractional filters, in Analysis and Optimization of Sys-
tems: State and Frequency Domain Approaches for Infinite-Dimensional Systems, Lecture
Notes in Control and Inform. Sci. 185, Springer, Berlin, 1993, pp. 574-584.

[3] C. BONNET, Convergence and convergence rate of the balanced realization truncations for
infinite-dimensional discrete-time systems, Systems Control Lett., 20 (1993), pp. 353-359.

[4] F. CHATELIN, Spectral Approxzimation of Linear Operators, Comput. Sci. Appl. Math., Aca-
demic, New York, 1983.

[5] R. R. CoirmMAN AND R. ROCHBERG, Representation theorems for holomorphic and harmonic
functions in LP, in Representation Theorems for Hardy Spaces, Astérisque 77, Société
Mathématique de France, Paris, 1980, pp. 11-66.

(6] R. F. CurtaIN AND K. GLOVER, Balanced realisations for infinite-dimensional systems, in
Operator Theory and Systems, Oper. Theory Adv. Appl. 19, Birkhduser, Basel, 1986,
pp. 87-104.

[7] R. F. CURTAIN AND A. J. SASANE, Compactness and nuclearity of the Hankel operator and in-
ternal stability of infinite-dimensional state linear systems, Internat. J. Control, 74 (2001),
pp- 1260-1270.



[11]
[12]

[13]

[14]

[36]

CHRIS GUIVER AND MARK R. OPMEER

R. F. CurRTAIN AND H. ZWART, An Introduction to Infinite-Dimensional Linear Systems The-
ory, Texts Appl. Math. 21, Springer-Verlag, New York, 1995.

. B. DEsar AND D. PaAL, A transformation approach to stochastic model reduction, IEEE
Trans. Automat. Control, 29 (1984), pp. 1097-1100.

. F. ENNS, Model reduction with balanced realizations: An error bound and a frequency
weighted generalization, in Proceedings of the 23rd IEEE Conference on Decision and
Control, Las Vegas, 1984, IEEE, New York, 1884, pp. 127-132.

. GLOVER, All optimal Hankel-norm approzimations of linear multivariable systems and their
L°°-error bounds, Internat. J. Control, 39 (1984), pp. 1115-1193.

. GLOVER, A tutorial on Hankel-norm approzimation, in From Data to Model, Springer,
Berlin, 1989, pp. 26—48.

K. GLOVER, R. F. CURTAIN, AND J. R. PARTINGTON, Realisation and approzimation of lin-

ear infinite-dimensional systems with error bounds, SIAM J. Control Optim., 26 (1988),
pp. 863-898.

K. GLOVER, J. LaM, AND J. R. PARTINGTON, Rational approzimation of a class of infinite-
dimensional systems. 1. Singular values of Hankel operators, Math. Control Signals Sys-
tems, 3 (1990), pp. 325-344.

I. GOHBERG, S. GOLDBERG, AND M. A. KAASHOEK, Classes of Linear Operators, Vol. I, Oper.
Theory Adv. Appl. 49, Birkhduser Verlag, Basel, 1990.

M. GREEN AND D. J. N. LIMEBEER, Linear Robust Control, Prentice-Hall, Upper Saddle River,
NJ, 1995.

C. GUIVER, Model Reduction by Balanced Truncation, Ph.D. thesis, University of Bath, Bath,
UK, 2012.

M. B. HA, Model Reduction in a Behavioral Framework, Ph.D. thesis, University of Groningen,
Groningen, The Netherlands, 2009.

P. D. Lax, Symmetrizable linear transformations, Comm. Pure Appl. Math., 7 (1954), pp. 633~
647.

P. D. LAX, Functional Analysis, Pure Appl. Math., John Wiley, New York, 2002.

B. C. MOORE, Principal component analysis in linear systems: Controllability, observability,
and model reduction, IEEE Trans. Automat. Control, 26 (1981), pp. 17-32.

K. A. MoRRIS, Design of finite-dimensional controllers for infinite-dimensional systems by

N

R

@)

o

>

>

approzimation, J. Math. Systems Estim. Control, 4 (1994).

. K. NIKOLSK1, Operators, Functions, and Systems: An Easy Reading, Vol. 1, Math. Surveys
Monogr. 92, AMS, Providence, RI, 2002.

. OBER AND S. MONTGOMERY-SMITH, Bilinear transformation of infinite-dimensional state-
space systems and balanced realizations of nonrational transfer functions, STAM J. Control
Optim., 28 (1990), pp. 438-465.

P. C. OPDENACKER AND E. A. JONCKHEERE, A contraction mapping preserving balanced reduc-
tion scheme and its infinity norm error bounds, IEEE Trans. Circuits Systems, 35 (1988),
pp. 184-189.

M. R. OPMEER, Model Reduction for Controller Design for Infinite-Dimensional Systems,
Ph.D. thesis, University of Groningen, Groningen, The Netherlands, 2006.

M. R. OPMEER, Decay of Hankel singular values of analytic control systems, Systems Control
Lett., 59 (2010), pp. 635-638.

L. B. PAGE, Bounded and compact vectorial Hankel operators, Trans. Amer. Math. Soc., 150
(1970), pp. 529-539.

J. R. PARTINGTON, An Introduction to Hankel Operators, London Math. Soc. Stud. Texts 13,
Cambridge University Press, Cambridge, 1988.

V. V. PELLER, Hankel Operators and Their Applications, Springer Monogr. Math., Springer-
Verlag, New York, 2003.

L. PERNEBO AND L. M. SILVERMAN, Model reduction via balanced state space representations,
IEEE Trans. Automat. Control, 27 (1982), pp. 382-387.

T. REIS AND T. STYKEL, Positive real and bounded real balancing for model reduction of de-
scriptor systems, Internat. J. Control, 83 (2010), pp. 74-88.

M. ROSENBLUM AND J. ROVNYAK, Hardy classes and operator theory, Dover, Mineola, NY,
1997.

D. SALAMON, Infinite-dimensional linear systems with unbounded control and observation: A
functional analytic approach, Trans. Amer. Math. Soc., 300 (1987), pp. 383-431.

D. SALAMON, Realization theory in Hilbert space, Math. Systems Theory, 21 (1989), pp. 147—
164.

J. R. SINGLER, Balanced POD for model reduction of linear PDE systems: Convergence theory,
Numer. Math., 121 (2012), pp. 127-164.



MODEL REDUCTION FOR NUCLEAR HANKEL OPERATORS 1401

. J. STAFFANS, Well-Posed Linear Systems, Encyclopedia Math. Appl. 103, Cambridge Uni-
versity Press, Cambridge, 2005.

. WEIss, Admissibility of unbounded control operators, SIAM J. Control Optim., 27 (1989),
pp. 527-545.

. WEIss, Admissible observation operators for linear semigroups, Israel J. Math., 65 (1989),
pp. 17-43.

. WEIss, Transfer functions of regular linear systems. 1. Characterizations of regqularity,
Trans. Amer. Math. Soc., 342 (1994), pp. 827-854.

. J. YOUNG, Balanced realizations in infinite dimensions, in Operator Theory and Systems,

Oper. Theory Adv. Appl. 19, Birkh&user, Basel, 1986, pp. 449-471.

. Zuou, J. C. DoYLE, AND K. GLOVER, Robust and Optimal Control, Prentice Hall, Engle-

wood Cliffs, NJ, 1996.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


