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ABSTRACT ARTICLE HISTORY
Persistency, stability and convergence properties are considered for Received 6 June 2024

a class of nonlinear, forced, positive, scalar higher-order difference ~ Accepted 23 January 2025
equations. Sufficient conditions for these properties to hold are KEYWORDS

derived, broadly in terms of the mterplay of the linear and nonlinear Allen-Clark model; almost
components of the difference equations. The convergence results periodic forcing; difference
presented include asymptotic response properties when the system equation; persistence;

is subject to (asymptotically) almost periodic forcing. The equations positive Lur'e system;
under consideration arise in a number of ecological and biologi- stability

cal contexts, with the Allen-Clark population model appearing as

a special case. We illustrate our results by several examples from :3:3&?““"”'(5
population dynamics. CLASSIFICATIONS
15B48; 37N25; 39A22; 39A24;
93C55

1. Introduction

We consider the following class of scalar, forced, higher-order initial-value problems:

k k
x(t+1) = > ap(t—j)+ Bf [ u®), D yixt —j) | +v(), x(—) =2 eR,

j=0 j=0
ji=0,...,k teN, (1)

where k is a nonnegative integer. The details of (1) are given in Section 2, although we
note here that f is a nonlinearity, a;, # and y; are real parameters, and the terms u and v
are exogenous forcing terms, and could model control actions or disturbances, depend-
ing on the context. The presence of the (generally time-varying) exogenous forcing terms
u and v renders (1) a non-autonomous, inhomogeneous difference equation. We study a
suite of relevant dynamical properties of (1), namely, boundedness, persistence, stability
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and convergence, in the situation wherein system (1) is positive, and provide sufficient
conditions for these properties to hold.

Positive dynamical systems are dynamical systems with the defining property that they
leave some positive cone invariant. They are well-studied objects, evidenced by a vast liter-
ature with texts including [3,4,28,36,37]. Their interest is not only mathematical, but also
practical as they arise in myriad application areas where state variables are constrained to
lie in some positive cone to be meaningful, such as the nonnegative orthant in Euclidean
space for necessarily nonnegative quantities.

One motivation for studying (1) is its occurrence in models in theoretical ecology, as
the higher-order nature of (1) may be interpreted as a delay structure. Time delays are an
important feature in this setting, for instance, a known plant survival strategy is to delay
the germination of dormant seeds post dispersal [17, Section 1.2]. Similarly, system (1) is
a generalization of

x(t+1) = ax(t) + ff(x(t —k)) te Ny, (2)

known as the Allen-Clark, or Clark, model (after Allen [1] and Clark [10]), see also the
bibliographical notes in [7] for other early contributors. In population modelling, (2)
is a parsimonious extension of uncontrolled standard first-order difference equations
(discussed in a number of monographs, such as [9, Chapter 1] or [48, Chapter 2]) to
include age-structure, particularly delayed reproductive maturity. There has been much
subsequent interest in the role of delay-until-reproductive-maturation in age-structured
population models, dating back at least to [40], and further studied and generalized across,
for example, [2,20,64,67]. Roughly speaking, these works generalize the Allen-Clark model
to include explicit age-structure within a single population model. The model (2) is known
to admit a unique positive equilibrium under mild assumptions on f, & and f. Stability
and attractivity properties of the nonzero equilibrium have been studied in several papers,
including [18,19,33,43].

The study of dynamical systems which interact with their wider environment via the
inclusion of input (control, forcing) and output (measurement) variables, and their feed-
back connections, is at the heart of control theory; see, for example [61]. The inclusion of
forcing terms in dynamical systems is essential in applied settings. Indeed, forcing terms
may represent control actions/interventions, (possibly unwanted or uncertain) variation in
the underlying model, and otherwise unmodelled terms which may be significant. When
considering the effects of forcing terms, typically one of two perspectives is adopted: their
use as controls to establish or maintain desirable dynamic behaviour, or, the robustness
of desirable properties of the model with respect to unwanted forcing terms. A strand of
control theory associates input and output variables to positive dynamical systems, lead-
ing to so-called positive control systems; see the recent review paper [49]. The model (1)
with appropriate nonnegativity assumptions is an instance of a positive control system.
Again, in a population dynamics context, the forcing function v in (1) may model immi-
gration, and u may capture environmental variation or harvesting (anthropogenic or
otherwise).

To connect to another body of literature, Equation (1) is an instance of a forced (pos-
itive, in this case) Lur’e difference equation, or simply Lur’e system, in control-theoretic
terminology; see, for example [65]. There are numerous studies of positive Lur’e systems
in state-space form, including [5,15,16,22-25,59], broadly motivated by their interesting
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dynamical behaviour and relevance in theoretical ecology, dating back to [50,63] where
‘trichotomies of stability’ were established for such systems.

Boundedness of solutions is an innate requirement for positive difference equations
motivated by real-world applications of size- or quantity-limited variables. Persistence con-
cepts, broadly referring to the property that certain internal variables (for example, the state
or certain linear combinations of state components) are ultimately bounded away from
zero, are highly relevant as well. This is particularly the case when f(w, 0) = 0 for all w, so
that zero is an equilibrium of system (1) when unforced (meaning u equal to a constant
nominal value, and v = 0). Persistence in dynamical systems is a well-established concept
with a number of variations including those presented in [21-24,54,58,66]. The persistence
properties we consider are ultimate in that they only apply after some fixed number of time-
steps, and are uniform with respect to certain initial conditions and forcing functions as
we shall describe. We contend that this concept of persistence is suitable for all practical
purposes. Moreover, mild assumptions on the model data ensure that there is a unique
positive equilibrium, denoted xe, at a constant forcing pair (ue, ve). The stability properties
we consider relate to x., and account for the fact that (1) is inhomogeneous by appealing
to the input-to-state stability (ISS) framework from nonlinear control theory; see [45] for
a recent monograph. Roughly speaking, ISS ensures that ||x(¢) — x.|| is bounded in terms
of (nonlinear functions of) the difference of the initial state to x., which decays to 0 over
time, as well contributions from u — u. and v — v.. Here, we provide a range of bounded-
ness, persistence, and stability properties for system (1), presented as Proposition 3.3, and
Theorems 3.5 and 4.2, respectively.

As a consequence of our stability results we show that, under suitable assumptions,
the following convergence property holds: for all constant forcing pairs (ue, ve), there
is a unique constant x. such that, for all u and v converging to u. and v., respectively,
and all non-zero initial conditions, the corresponding solution x(t) of (1) converges to xe
as t = 00, see Corollary 4.4 for a precise statement. Finally, the stability properties we
derive are sufficiently strong to ensure that (1) admits a rather general entrainment-type
property (see, for example [34, Chapter 7] for a classical treatment of entrainment), specif-
ically here that for almost periodic forcing terms v = v,p, (in the sense of Bohr): (i) there is
a unique almost periodic solution x,, of (1), and, (ii) all other solutions x of (1) converge
to Xxap, when subject to v converging to v,p. Moreover, the sets of almost periods of v, and
Xap are closely related, see Theorem 5.1 for a precise statement. The development of the
theoretical results is mostly based on a blend of techniques from control theory and posi-
tive systems. We highlight that the boundedness and persistence properties are key for our
stability arguments. Further, our results apply to general f specified in terms of qualitative
and quantitative properties which, in particular, do not necessitate that f is monotone or
unimodal. In particular, system (1) need not be a monotone control system when unforced,
asin [31,57].

In terms of novelty and contribution, whilst the persistence and stability results
from [22,23] play a pivotal role in establishing the corresponding properties for (1), here
we are able to formulate conditions directly in terms of the model data in (1); moreover,
the convergence results in Sections 4 and 5 are new. Paper [24] considers related dynamic
properties for a class of positive vector Lur’e systems with unit delay in the nonlinear term
and highlights a number of surprising discrepancies as compared to the continuous-time
(delay-differential equation) case analysed in [21]. The overlap with the present work is
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minimal, however. We comment that our inclusion and treatment of forcing terms, and
consequent stability and convergence properties, separates our work from much of the
literature in this area.

The remainder of the paper is organized as follows. Section 2 contains preliminary mate-
rial. Our main results appear in Sections 3-5, which focus on boundedness and persistence,
stability and convergence properties, and the response to almost periodic additive forcing
terms, respectively. Four examples are presented in Section 6. In particular, we demon-
strate how the results in Sections 3-5 apply to forced versions of the Allen-Clark model (2).
Section 7 contains a discussion of our results. An ancillary technical theorem appears in
the Appendix.

Notation: Weset Ry := [0,00),N :={1,2,...}, Ny := N U {0} and Z stands for the set of
all integers. For n € N, let R" denote the space of column vectors with 7 real components.
We define R’ to be the subset of R" consisting of all vectors in R” with non-negative
components. For & € R”, wewrite > 0if& e R%, & > 0ifE > 0and & # 0,and & > 0
if all components of & are positive. If £ 3> 0, then we also say that ¢ is strictly positive.
Furthermore, let £, e R®. If { — ¢ >0, — ¢ > 00or & — ¢ > 0, then we write & > ¢,
¢ > ¢ or¢ > ¢, respectively. Similar conventions apply to real matrices.

We will make use of the following classes of comparison functions:
K:={¢p:Ry - Ry :¢(0) =0, ¢is continuous and strictly increasing}

and Koo 1= {¢ € K : limy—s 00 ¢ (s) = 00}. Furthermore, we denote by KL the set of all
functions ¢ : Ry x Ng — R, with the following properties: for each fixed ¢ € Ny, the
function ¢ (-, t) is in XK, and for each fixed s € R, the function ¢ (s, - ) is non-increasing
and ¢ (s,t) > 0 as t — oo. The reader is referred to [35] for more details on comparison
functions.

Finally, for a function y : Ng — R" and § € Ny, we denote the §-left translate by yg,
that is,

yo(t) :=y(t+60) ViteN. (3)

2. A class of nonlinear higher-order difference equations

Consider (1) where, throughout, xO xR > 0, and aj, 7j and f satisfy the following
positivity condition.

(P1) aj, yj > Oforj=0,...,k g > OaZJ]‘(:ij > 0and ag + yx > 0.
The functions u and v are assumed to take values in non-empty compact sets U C R"

and V C Ry, respectively, where V is such that 0 € V. It is always assumed that the
nonlinearity f : U x Ry — R4 is continuous. For convenience, we set

k
o= Zaj and vy := Zyj.
j=0

Furthermore, we impose the following stability assumption.
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_ v,
Linear system (6)
Y
w
Joe—
U
Figure 1. Application of the feedback law w = f(u, y) to system (6).
(S) The polynomial
k .
a(Q) =M = et (4)
j=0

is Schur, that is, if a(¢) = 0, then |¢]| < 1.

Obviously, (S) is equivalent to the 0-equilibrium of the linear difference equation

k
x(t+1) = Zajx(t )

j=0

being asymptotically stable. As a consequence, we have that

k
o= Zaj < 1. (5)
j=0
The initial-value problem (1) has a unique solution x : {—k,...,—1} UNy — R. As the

coeflicients, initial data, the nonlinearity f, and the forcing function v are non-negative, it
is clear that the solution of (1) has values in R.. As is usual in control theory, the difference
equation in (1) is referred to as a Lur’e system (see, for example, [65]), more specifically, (1)
is an instance of a forced, positive, higher-order Lur’e system in discrete time. It can be
thought of as the interconnection of the linear controlled and observed system

k k
x(t+1) =D ot —j) + fw(t) + (D),  y(6) = D yx(t — j) (6)

j=0 =0

and the nonlinearity f via the feedback law w(t) = f(u(#), y(¢)), see Figure 1. Note that
in (6), v and w are inputs, controls or forcing functions, where w is available for feedback,
whereas y is the measurement, observation or output.

Associated with (6) is the rational function G defined by

B i B3fonic™ )

G = = = R
© (= foa T O = ackd al)

where

k
Q) =D yic*, (7)

j=0
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and ¢ is a complex variable. If x(—j) = Oforj = 0,...,kand v = 0, then application of the
Z-transform Z to (6) yields that

(Zy) () = GIOEW().

The above identity shows that for zero initial conditions and v = 0, the effect of the input w

on the output y of system (6) is described in the frequency domain by the product of G and

the Z-transform of w. Therefore, G is called the transfer function of (6) with v = 0.
Assuming that (S) holds, we set

IGllge == sup |G()] = sup |G(O)] < oo,
I1=1 l1=1

where H* refers to the space of all bounded holomorphic functions defined on the com-
plement of the closed unit disc. If x(—j) =0 for j =0,...,k and v = 0 in (6), then the
associated output y = y,, depends only on w, and

o0
sup{[lywll2 : Iwllz = 1} = |Gllg, where [l = | > |w(®)>
t=0

The above identity provides an appealing interpretation of |G| g in time-domain terms.
For ¢ € C such that || = 1, we have

k
B yic* I < py and fa@)|z1—a >0,

j=0

where the last inequality follows from (S) and (5). Consequently,

G(1) < IGlla> < lﬁ_ya = G(D),
showing that
Gl = G(1).
We define
1 1 .
pi= o) = TS where p:= 00 if G(1) = ||G||g> = 0. (8)

Note that G(1) > 0 if (P1) is satisfied. Setting X(t) := (x(£),...,x(t — k)) | and defining
b,c € RF1land A € RE+HDx(k+1) by

ap o ok—1 ok
g ;0 1 0 0 0
1
b=|.], ¢=|".]|, A=|0 1 - 0 0 9)
0 .
Tk 0 0 10
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Equation (1) can be expressed in the form
X(t + 1) = A%(H) + bf (u(t), c"%(0)) + 9(1), teNyp x0) =2,...,xNT, 10

where v(t) := (v(¢),0,..., 0)—r e R, We note that b> 0, ¢> 0, and A is a companion
matrix, see, for example, [32, Section 3.3 and Problem 3.3 P11]. Asdet(¢1 — A) = a((), all
eigenvalues of A have modulus smaller than 1, that is, the matrix A is asymptotically stable.
It is straightforward to show that

G()=c'(T—A)7"b.
Throughout, let J be the set of positive integers defined by
J.:= {iE {1,....k+ 1} :aj—1 + pi—1 > 0} = {iG {1,....k+ 1} : aj—1 + Byi—1 > 0}.

If (P1) is satisfied, then k + 1 € J. The greatest common divisor of the elements of J is
denoted by gcd J. In the following proposition we explore certain positivity properties of
the linear part of system (10) which are essential for the developments in Sections 3-5.

Proposition 2.1: Assume that (P1) holds and let A, b and c as in (9). The following
statements hold.

(1) The matrix A + bc' is primitive if, and only if, gcdJ = 1.

(2) There exists € Ny such that ¢" (A + bc") > 0 if, and only if, gcdJ = 1.
(3) Ifgedd =1, then (A + bcT)FHDk=l 5 0, where | := min(j : aj +yj # 0}.
(4) Ifag+ yo > 0, then c' (A + bc")¥™ > 0, where m := min{j : 7j # O}

We remark that for the ultimate c-persistency result in Section 3, see Theorem 3.5, the
strict positivity of ¢' (A 4 bc")? for some 7 € Ny plays a key role: the smallest 7 such
that ¢ (A 4 bcT)™ > 0 is the time at which c-persistency ‘kicks in’. Trivially, if (A +
bcT)® > 0, then ¢" (A + bcT)? > 0. The converse implication is obviously not true. In
particular, (A 4 bc")® may not be strictly positive for the minimal 7 such that ¢" (A +
bcT)? > 0.

The proof of the implication ‘¢ (A 4+ bcT)" 3> 0 = gcdJ =1’ claimed in state-
ment (2) is facilitated by the following lemma.

Lemma 2.2: Let r:= (rg,71,...,7k) | € R’fﬂ”l and let ey, . .., exy1 be the canonical basis
oka‘H. Assume that (P1) holds, d := gcdJ > 1 and there exists iy € {0,...,d — 1} such
that r'e; =11 =0 for all ie{l,...,k+ 1} such that i # iy mod d. Then rT(A+
bcTye; =0 forallie(1,...,k+ 1} such thati # (ip — 1) mod d.

Proof: Note that

r (A +bc") = (ro(ao + Byo) + ri.rolar + By1) + 12, .., ro(ax—1 + Bre—1)
+ i rolak + Bi))- (11)

We distinguish between the cases ryp > 0 and rp = 0.
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Case 1: ro > 0. In this case, it follows from the hypothesis on r that 1 = iy mod d,
implying that ip = 1. As ax + fyr > 0, we have that k+ 1 € J, and thus, k+1=0
mod d. Since iy = 1, the condition k + 1 £ (iy — 1) mod d is not satisfied (we note in
passing, that nevertheless, rT(A 4+ bcT)erp1 =0).Leti e {1,...,k} besuch thati £ (i —
1) mod d, or equivalently

i+1#1 modd. (12)

Invoking again the hypothesis on r, we have that r; = 0. Furthermore, (12) is equivalent
to i 0 mod d, showing that i ¢ J, whence a;_; + fyi—1 = 0. It now follows from (11)
that

rT (A + b e = ro(@imy + Byic1) +1i = 0.

Case 2: o = 0. Invoking (11), we see that T (A + bc)ery; = ro(ax + fyx) = 0. Let
nowi € {1,...,k} besuch thati+ 1 # iy mod d. Then, by hypothesis, r; = 0, and thus,

rT(A+bc e = ro(atie1 + Byic1) +1i =0,

completing the proof. |
We continue with the proof of Proposition 2.1.

Proof of Proposition 2.1.: (1) Note that A and A + be', as companion matrices, have
the structure of a Leslie matrix familiar from stage-structured population models. Thus,
irreducibility and primitivity results for Leslie matrices (see, for example [62]) can be
applied to A + be'. Asag + vk > 0, [62, Theorem 6] yields that primitivity of A + be' s
equivalent to gedJ = 1.

(2)IfgcdJ = 1, then, by statement (1), A + bel is primitive, whence cTA+bcT) >0
for some 7 € Nj.

We prove the converse by contraposition. To this end assume that gcdJ =d > 1 and
define ¢; = (¢r05- - > cf,k)T € ]lejl by CTT :=cT(A+bcT) for every © € Ny. It is suffi-
cient to show that, for every r € Ny, there exists i; € {0,...,d — 1} such that ¢, ;_; =0
forallie {1,...,k+ 1} satisfying i # i; mod d. We do this by induction on 7. We have
thatcp;—; = yi—1 = 0foralli € {1,...,k+ 1} such thati # 0 mod d and the claim holds
for = 0 with iy := 0. Let now 7 € Ny and assume that there exists i; € {0,...,d — 1}
such that ¢; j—; = 0foralli e {1,...,k+ 1} satisfying i = i mod d. Then

Crilim1 = cLlei = c;r(A +bce; Viefl,...,k+1}.

Setting
. i —1, ifi; #0
i =
T lao, ifi =o,
we have that i, € {0,...,d — 1}, and an application of Lemma 2.2 with r = ¢, shows

that ¢;41,-1 =0 for all i e {1,...,k+ 1} such that i #£i;y; mod d, completing the
proof.

(3) Assume that gcd J = 1. By statement (1), A + be' is primitive. It follows from [32,
Theorem 8.5.7] that (A + bc ")+ D+(=1) 5 0 where ¢ is the length of the shortest cycle
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in the directed graph associated with A + bc' . Exploiting the companion matrix structure
of A+ bc', it is straightforward to show that £ = [+ 1. Consequently, (k + 1) + €(k —
1) = (2 + Dk — I, and so, (A + bcT)Z+Dk=l 5, 0, establishing the claim.

(4) Asag + yo > 0,wehave that 1 € J, implying that gcd J = 1. Hence, by statement (3)
with [ = 0, we obtain that ¢T (A + bc" )2 >> 0. To show that ¢! (A + bc ")k > 0, we
proceed in two steps.

Step 1. Set ¢ := (y0,0,...,0, Y0 m = (0,...,0,7m,0,...,0)T (where y,, is in posi-
tion m + 1), and

o9 O 0 o
1 0 0 0
A= 1 0 0| ¢ RktDxk+1)
0 O 1 0
We claim that
eT(A4+beNHm > 0. (13)
Noting that
ao+ By 0 0 ak+Brk
1 o --- 0 0
A+ b = 0 -0 0
0 0 1 0
+ 0 - 0 +
+ 0 0 0
_|o + 0 0] ¢RetDxetn,
0 0 -+ + 0

where here, and in the following, 4+ denotes a positive entry, the value of which is
immaterial. It is routine to check that, for everyj =0, ..., m,

E,TZ(A +b¢"Y >(0,...,0,+,0,...,0), where + isin position m + 1 —j.
Furthermore, for everyj = 1,. .., k, we have that

EL(A + bET)m+j > (+,0,...,0,+,...,4), where + is in the positions 1 and
k+1—iforalli=0,...,j—1.
In particular,
e A+ e = (4, +,...,4+) >0,
establishing (13).
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Step 2. As ¢ > max{¢, &y} and A > A, we have that A + bc' > A + b¢". Consequently,
cTA+bc"Y >l (A+beTY VjeN,

and it follows from (13) that ¢ (A + bc " )* > 0. [ |

3. Boundedness and persistence

In this section, we explore boundedness and persistence properties of the Lur’e system (1).
For which purpose, we require the following, not very restrictive, assumption on the linear
part of system (1).

(L) At least one of the following two conditions holds:

6] |rrllir} |G()| < lIG|lge, (ii) aandcare coprime,
é‘ =
where the polynomials a and ¢ are defined in (4) and (7), respectively.

The above coprimeness condition can be characterized in terms of the linear observed
system

x(t+ 1) = Ax(t), y(t) = ¢’ x(t), (14)

where A and ¢ are given by (9). Recall that system (14) (or the pair (cT,A)) is said to be
observable if the following implication holds:

(cTA'¢ =0VteNy) = (£=0).
It is well known that (14) is observable if, and only if, the so-called observability matrix

T

-
A
O(CT,A) — ¢ c R(k-‘rl)x(k-’-l)
cT Ak
is invertible, see, for example, [38, Corollary 18.2] or [52, Theorem 25.12].

Lemma 3.1: The polynomials a and ¢ are coprime if, and only if, the pair (c',A) is
observable.

Proof: Invoking the so-called Hautus criterion for observability (see [42, Theorem 3.21]

or [52, Theorem 13.15]), we need to show the equivalence of the coprimeness of a and ¢
and the following full rank condition

rank(CIC;A) —k+1 VieC. (15)

We prove the contrapositive, that is, we show that the existence of a common root ofaand ¢
is equivalent to the failure of the rank condition (15). We start by assuming that (15) does
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not hold. Then there exists A € C such that
rank (/HC; A) <k+1.
Consequently, for suitable, a := (ay, .. ., ap) | € CK1 a0,
(AUI—A)a=0 and cla=o0. (16)
Thus, by the first of the above two identities,
ap=Aay, ay=Aay,...,a—1 = Aag,

and so, ax # 0 and aj = ik_jak forj=0,...,k. Using the first identity in (16) once more,
we obtain

k
a(A)ay = Jh Zaj){k_j ar = 0.
j=0

Hence, a(4) = 0. The second identity in (16) yields

k k
cDag = Z yjllk_] ar = Z yia; = cla=0,
j=0 j=0

showing that c(1) = 0. We conclude that a and ¢ are not coprime.

Conversely, assume that a and ¢ are not coprime. Then a and ¢ have a common root 4.
Setting a := ak(/lk, Jk=1 1)T for arbitrary ay # 0, the above steps can be reversed to
arrive at (16) which in turn implies that (15) does not hold. |

Remark 3.2: It follows from Lemma 3.1 and basic linear control theory (see, for example,
[38,52]) that, if the stability assumption (S) holds, then (L) is equivalent to [22, Assump-
tion (A4)] and (L) is also equivalent to [53, Assumption (A)]. These equivalences allow
us to apply certain results in [22,53] in the current setting. In this paper, we prefer (L)
to [22, Assumption (A4)] because, in contrast to the latter, (L) is formulated more directly
in terms of the coefficients appearing in the higher-order system (1) and avoids control
theoretic concepts. ¢

We introduce the following assumptions on the nonlinearity f.
(N1) f(w,2) > Oforallw e Uandz> 0, p asin (8) satisfies p < 0o, and

Am, (2 = g/ n.2) = oo

(N2) (N1) holds, and
lim inf (minm) > p. (17)

zl0 welU z
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The above requirements that p is finite are not restrictive insomuch as p < oo is a conse-
quence of the positivity assumption (P1) which is imposed in the main results. A sufficient
(but not necessary) condition for (N1) to hold is given by

(N1) f(w,z) > Oforallw e Uandz> 0, p < 00, and

lim sup (maxf(w’ Z)) <p. (18)

Z—>00 welU z

Certain versions of assumptions (N1) and (N2) were employed in [22] (in a somewhat
different setting), and, with (N1) replaced by (N1’), they also appear in [21,23,63]. The
interested reader can find a biological interpretation of (17) and (18) in [23, Remark 4.2].

The following proposition provides a sufficient condition for the solutions of (1) to be

bounded.

Proposition 3.3: Assume that (P1), (S), (L) and (N1) hold, and let T’ C Rl_‘:rl be compact.
Then there exists p > 0 such that the solution x of (1) satisfies

() <p VteN,
forallu: Ny — U, v: Ny — V and all initial conditions x©, x=D . ,x(_k))T erl.

Proof: Define a set-valued function Fby F(z) := {f(w,z) : w € U} forallz € R and note
that if x is a solution of (1), then X given by X(£) := (x(£),x(t — 1),...,x(t — k)) T satisfies
the difference inclusion

X(t+ 1) — AX(t) — ¥(t) € bF(c"x(t)) Vt e Ny, (19)

where ¥(t) := (v(),0,...,0)". Invoking (N1), we conclude that there exists zy > 0
and 0 € K such that

max F(z) = magf(w,z) <pz—0(z) VYz=>z.
we

Therefore, invoking Remark 3.2, it follows from the inclusion version of [53, Corollary 17] 1
that, for compact I' C Rk+1, there exists p > 0 such that the solution X of (19) satisfies
Ix®)l <p VteNp

for all initial conditions X(0) € " and all v : Ny — V, establishing the claim. |
Next we introduce a persistency concept which will play a key role in this paper.

Definition 3.4: Let d = (dy,...,dy)" € Rk We say that (1) is ultimately semi-
globally d-persistent if, for every compact subset I' C lel, 0 ¢ I', there exist 7 € Ny
and # > 0 such that the solution x of (1) satisfies

k
Dldxt+r—j)=n VteN (20)
=0

forallu: Ny — U, v: Ny — V and all initial conditions (x(o),x(_l),. .. ,x(_k))T el. ¢
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If (1) is ultimately semi-globally d-persistent for some d > 0, then (1) is ultimately
semi-globally d-persistent for every d >> 0, and we simply say that (1) is ultimately semi-
globally persistent. In particular, if (1) is ultimately semi-globally persistent, then, for every
compact subset I' C R’fl, 0 ¢ T, there exist 7 € Ny and # > 0 such that

(et + ) x(t+7 = 1), ox(t+7—K) I =7 VieN, (1)

where || - ||; denotes the 1-norm on RF+!. Obviously, ultimate semi-global d-persistency
for some d > 0 implies ultimate semi-global persistency, but the converse is not true in
general. Furthermore, if (20) or (21) hold for ¢ = 0, then we drop the word ‘ultimately’
and say that (1) is semi-globally d-persistent or semi-globally persistent, respectively.

It is clear that the persistency concept in Definition 3.4 depends on the compact sets U
and V. However, as it is assumed that, in a given context, U and V are fixed, and in
order to avoid lengthy and awkward terminology, we do not make the dependency on U
and V explicit. Finally, it is straightforward to show that if z — f(w, z) is non-decreasing
for every w € U, then (1) is ultimately semi-globally d-persistent if, for every compact
subset I' C Rl_frl, 0 ¢ T, there exist 7 € Ny and #7 > 0 such that the solution x of (1) satis-
fies (20) for all initial conditions (x(o),x(_l), . ,x(_k))T elallu:Nyg —> Uandv(t) =
0.

To investigate persistency properties of (1), we shall apply ideas from [23] for undelayed
difference equations to the augmented system (10). To this end, we introduce the following
condition.

(P2) (P1)holdsand gedJ = 1.

By Proposition 2.1, if (P2) is satisfied, then there exists v € Ny such that cT(A+
beT)™ > 0.

Theorem 3.5: Assume that (S), (L), (N2) and (P2) hold. Then system (1) is semi-globally
persistent and ultimately semi-globally c-persistent, where c is given by (9). In particular,
if © € Ny is such that ¢" (A + bc")* > 0, then, for every compact subset T C RIIH not
containing 0, there exists n > 0 such that the solution x of (1) satisfies

k
Zij(t+r—j) >n VteNy
j=0
forallu: Ny — U, v: Ny — Vand all initial conditions @, x=D . ,x(_k))T erl.

Proof: Let T’ C ]R]_frl be compact and such that 0 & I'. It follows from Proposition 3.3
that there exists p > 0 such that the solution x of (1) satisfies sup,y, |x(¥)| < p for
allu: Ny —» U,v: Ny — Vand all initial conditions (x(o),x(_l),. .. ,x(_k))T e I'. More-
over, by Proposition 2.1, assumption (P2) implies that ¢ " (A + bc")” > 0 for some 7 € Ny,
Therefore, the arguments in the proof of [23, Theorem 4.4]? can be applied to establish
that the augmented system (10) is semi-globally persistent and ultimately semi-globally c-
persistent in the sense of [23], implying that (1) is semi-globally persistent and ultimately
semi-globally c-persistent in the above sense. |



14 D. FRANCO ET AL.

4. Stability and convergence

In the following, under suitable assumptions on the nonlinearity f, we are going to explore
certain stability and convergence properties of the forced system (1). To this end, we
introduce, for each w € U, the function

Fy:Ry > R, z> z—GQ)f(w,2) =z — lﬁ_—yaf(w,z)

and investigate some of its properties. Of course, for F,, to be meaningful, 1 should not be
a pole of G. The latter is guaranteed by hypothesis (S).

Lemma 4.1: Assume that (P1), (S) and (N2) are satisfied. For every w € U, the following
statements hold.

(1) There exists a unique z,, € F;l(O) such thatz,, > 0andF,,(z) < 0forallz € (0,zy).
(2) Ry C Fy([zw, 0)), ot, equivalently, F,;' (z) N [z,,00) # B forall z € R

(3) F,1(0)\{0} C [zy,00) and F,;1(z) C (zy,00) for all z> 0.

(4) Leté € Vandz,e € F,'(yE/(1 — a)). Then xy ¢ := zy,¢/y satisfies

Xy = OXye + ﬂf(W> 4 xw,{) +¢. (22)

Furthermore, pz,,c — &/ = f(W, Zy,¢).
(5) Leté € Vandz,y € F;l(y /(1 —a))\{0}. If

fw,2) = f(W,zwe)|l < plz—2zwel Yz2>0, 2% z¢ (23)

then F,1(y&/(1 —a))\{0} = {zwe). In particular, if (23) holds with & =0,
then zy0 = zy.

Proof: Letw € U. As p := 1/G(1), the function F,, can be expressed as

VzeR,. (24)

(1) Itfollowsfrom (24) and (N2) that there existz_ > Oand z; > z_ such that F,,(z) <
0 for all z € (0,z_) and F,,(z) > 0 for all z € (z4+,00). The intermediate-value
theorem for continuous functions guarantees the existence of z,, > 0 with the stated
properties.

(2) By (24) and (N2), F,,(z) = 00 as z = o0o. As F,(zy) = 0, it follows from the
intermediate-value theorem for continuous functions that Ry C F,,([zy, 00)).

(3) By statement (1), F,(z) <0 for all z e (0,z,). Hence, F,1(0)\{0} C [z4,00)
and F;,1(z) C (z4,00) for all z> 0.
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(4) Leté € Vand z,s € F;'(y&/(1 — @)). Then

Zwé — I'B_—yaf (W, zw¢) = % (25)

and thus,
(1- a)xw,f - ﬂf(w» Zw,é‘) =¢,

from which (22) follows. Moreover, multiplying (25) by p = (1 — a)/(8y) leads

to pzuwg — &/ B = f(w: zwe).
(5) Let& € Vand zyg,y € ' (yE/(1 — @))\{0}. By statement (4),

fwzwg) = pzwe —=C/F and  f(w,y) = py =</,

and so, |f (W, zwe) — f(w, ¥)| = plzwe — y|. It follows from (23) that y = z,,¢.
[ |

In the following, for given u. € U and v. € V, we shall identify equilibria of the
difference equation

k k
x(t+1) = Z Oljx(t _]) + ﬁf Ue, Z ij(t _]) + ve, (26)

j=0 j=0

that is, of system (1) with u(t) = u. and v(t) = ve, and investigate the stability properties
of these equilibria. As (1) is a forced system, this will require results from the so-called
input-to-state stability theory of nonlinear control theory which provides an extension of
Lyapunov theory to forced systems [14,45,60].

It follows from statement (4) of Lemma 4.1 that, for ze(ue,ve) € F,_ Ly ve/(1 —a))
and Xe (te, Ve) := ze(Ue, ve)/y , we have that

Xe(Ue, Ve) = axe(te, Ve) + ﬁf(ue; 7 Xe(thes Ve) +ve and  pze(ue,ve) — ve/p
= f(te, Ze(the, Ve))- (27)

In particular, xe(ue, ve) is an equilibrium of system (26). Moreover, by statement (5) of
Lemma 4.1, if

lf(“e:z) _f(“e)ze(ue, ve))| < plz — Ze(Ue, ve)| V> 0, 2 # ze(ue, ve)s (28)

then x.(ue, ve) is the unique positive equilibrium of (26).
The following hypothesis (cf. [23, hypothesis (N3)]) will play a key role in the context
of the stability and convergence theory to be developed.

(N3) Hypothesis (N2) and inequality (28) hold.
The inequality (28) is a so-called sector condition. Appealing to (27), we see that the

graphical interpretation of (28) is as follows: the graph of z — f(z, ue) is strictly ‘sand-
wiched’ between the straight lines z = pz — v./f and z = —pz + 2zc(ue, Ve) — Ve/f,



16 (&) D.FRANCOETAL.

with the three graphs intersecting at the point (ze(ue, Ve), p2e (e, ve) — ve/S). A number
of sufficient conditions on the nonlinearity f for (N3) to hold and classes of examples
satisfying (N3) can be found in [21-23], see, for example, [22, Lemma 5.4 and Table 5.1].

Statement (1) of the following theorem, provides a stability result which is very much
in the spirit of the input-to-state stability from nonlinear control theory, see the survey
articles [14,60], the book section [42, Section 5.8] and the recent monograph [45]. State-
ment (2) is reminiscent of control theoretic convergent-input convergent-state results [6].

Theorem 4.2: Let u. € U, ve € V and ze(ue,ve) € F;el(y ve/(1 — a))\{0} and set
Xe(Ue, Ve) 1= Ze(Ue,ve)/y . If (P2), (S), (L) and (N3) hold and (1) is ultimately semi-
globally c-persistent, then the following statements hold.

(1) For every compact set T' C lel such that 0 ¢ T, there exist y € KL, ¢ €
X and r>0 such that, for all initial conditions (x©,x=V,. . x0T eT,
allu: Ng = Uandall v: Ng — V, the solution x of (1) satisfies

k
|x(£) = Xe(ttes ve)| < pr [ D 160 = xe(ttes ve) I, t
j=0

+ ¢ (Ilv = vellewoy + 1 Br o ulle=(0,) YVt eNg, (29)

where ||[v — Vellg= (0,1 := max{[|v(s) — vell : s=0,1,...,t} and
Pr(w) := max |f(4e,2) —f(W,2)| Ywe U. (30)
0<z<r

(2) For all (x©,x(=D, . x0T ¢ lefl, all u: Ng > U, all v: Ng—> V such
that ZJ]-;O xD 4 lle > 0, u(t) = e and v(t) = ve as t — oo, the solution x
of (1) has the convergence property x(t) — Xe(ue, ve) ast — 0o.

We remark that if (N1) is replaced by the stronger condition (N1’) and the additional
assumption

(31)

lim sup [f(“e) 2) — f (e, ze (tte, Ve))| <p

2> Ze (e, Ve) |Z — Ze (ue) Ve)|

is satisfied, then y and ¢ are of the form y (s,t) = Ax's and ¢(s) = vs, where 1,v > 0
and x € (0,1), as follows from arguments similar to those used in the proof of [23,
Theorem 5.2]. The condition (31) means that the graph of z — f (e, z) is not tangential to
the lines z > pz — ve/f and z > —pz + 2ze (e, Ve) — Ve/B at z = Ze(Ue, Ve).

If, in Theorem 4.2, the nonlinearity f is globally Lipschitz in its first variable, that is,
there exists 4 > 0 such that

f(wi,2) —f(wz,2)| < Alwi —w2ll VzeR4, Vw,wyelU, (32)
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then the constant r becomes redundant and (29) simplifies to

k

() — Xe(ttes ve)| < pr [ D 160 — e (ttes ve) . t
j=0

+ (v — vellew (o) + Allue — ulleoo) V't € No.

The global Lipschitz property (32) is, for example, satisfied for the following nonlineari-
ties.

(a) Beverton-Holt nonlinearity:

aiz
w,Zz) 1= , z2>0, we U := [ug, u],
fw,2) P (1o, u1]

where a; > 0,a; > 0and 0 < uy < u;. (33)
(b) Ricker nonlinearity [51]:

fw,z) :=ze™”"%, z>0, we U:=[up,u;], wherep > 0and0 < uy < u;.

Proof of Theorem 4.2.: Throughout the proof, we shall write z. and x. for ze(ue, ve)
and xe(ue, ve), respectively, and make use of the notation for left translates defined in (3).

(1) It follows from Proposition 3.3 and Theorem 3.5 that there exist r> 0, a com-
pact set [' c R 7 e Np and n € (0, z) such that, for all (x©@,x=D, . xT e,
allu: Ng —» Uandall v: Ny — V, the solution x of (1) satisfies

k
Z pix(t—=j) <1 (x(t) = Xes .. x(t — k) — x) el and

j=0
k
> yplt—j)=n YieN,
j=0
Defining
fﬁR%R, Z f(ue,z—i—ze) _f(ue;ze)’ zZ>—Ze+ 7 (34)
S ues ) — f(ue, ze), zZ<—z.+n
and invoking (27), we see that x satisfies
k k
x(t+ 1) —xe = Zaj(x,(t—j) —xe) + Bf Z)’j(xr(t — ) — xe)
j=0 j=0
+ v (t) —ve+q.(t) VteNy, (35)

where

k k
q(t) = f [ u(®), D yixt =) | = f [ e Dyt =) | - (36)
j=0

j=0
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We note that

lq()] < Br(u(®)) = (Brow)(t) VieNo. (37)

Noting that
f@)| <plzl YzeR, z#0 and (plz] — |f(2)]) = 0o as|zl = oo,
we conclude that there exists p € K such that
F@I < plel = p(lz) VzeR. (38)

An application of Theorem A.1 in the context of (35), with initial-value set given by f,
shows that there exist ¥ € KL and ¢ € K such that

k
e () = xel < pr [ D] 1xe (=) — xelot | + B(Ilve = vellex o) + lge llex0) ¥Vt € No.
j=0
(39)
As every solution x of (1) satisfies
k _ k
X(t+1) = xe = D aj(e(t —j) — xe) + B | D it = j) — xe)
j=0 j=0
+v() —ve+4q() VteN,
where
JN[ Ro>R, z f(”e’Z+Ze) _f(ue,ze)a zZ 22—z
f(ue, 0) _f(ue> Ze)» Z < —Ze
it follows from the linear boundedness of f° that there exist «, 2 > 0 such that
k
() = xel < > (=) = xel + Ay = vellewo + Iqlle=00) V€ {0 L....c).
j=0

Combining this with (39), we conclude that there exist ¥ € KL, ¢ € K andr > 0such that,
for all initial conditions (x(o),x(_l),. .. ,x(_k))T elallu: Ng - Uandallv: Ng —» V,
the solution x of (1) satisfies

k
x(6) = xesve)| < | D 16 — el t | + B(Ilv = vellee o) + Iqllex0) V't € No.
j=0

This, together with (37), yields (29).
(2) Let (x(o),x(_l),...,x(_k))—r E]lel, u: Ng— U and v: Ng— V be such
that ZJIF:O xD 4 |[vllge > 0, u(t) = ue and v(f) = ve as t — 00, and let x be the
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corresponding solution of (1). We claim that there exist 7 € Ny and # > 0 such that

k

Zijf(t—j) >n VteN. (40)
j=0

If Z]l';o x> 0, then this is an immediate consequence of Theorem 3.5. Let us now

consider the case wherein Z}‘ZO x(=) = 0. Then ||v||¢z= > 0, and so there exists ¢ € N
such that x(o) > 0. As x, solves (1) with u and v replaced by u; and v, respectively,
and (x5 (0), X5 (=1),...,%, (—k)) T # 0, Theorem 3.5 guarantees the existence of & € Ny
and 7 > 0 such that
k

Zija(t+5 —j))=>n VteNp.

j=0
Consequently, (40) holds withz = ¢ +&.

Combining (40) with the fact that x is bounded (as follows from Proposition 3.3), we

see that

X := closure{(x; (t), x; (t = 1), ..., x; (t — k))T :te Ny} C ]lel

is compactand 0 ¢ X. Invoking statement (1) with I' = X, shows that there exist € KL,
¢ € K and r > 0 such that, for every 6 > 7,

k
X (£) = xel <y | D Ixg(—j) — xel ¢
=0
+ ¢(llve — vellewo,) + 1 Br o uglleor)) V't € No, (41)

where S, is defined by (30). Let ¢ > 0 be given. As u(t) > u. and v(t) = ve as t — 00,
there exists 8y > 7 such that

& (170, = vellewioay + 117 o uleion) < 5Vt € No.
Finally, choosing 8; € Ny such that
k &
v ;P@o(—]) —Xe|, £ | < 3 Vit> 0,

it follows from (41) (with @ = 6) that |xg, (t) — xe| < e forallt > 6;. Hence, |x(¢) — x| <
¢ forall t > 6y + 6;, completing the proof. |

The following corollary is an immediate consequence of Theorems 3.5 and 4.2.
Corollary4.3: Letu® € U,v¢ € Vandze(ue,ve) € F;el(y ve/(1 — a)) and set xe (e, Ve) :=

Ze(uesve)/y. If (S), (L), (P2) and (N3) are satisfied, then statements (1) and (2) of
Theorem 4.2 hold.
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The final result in this section provides a sufficient condition for the convergence
property in statement (2) of Theorem 4.2 to hold for every ve € V.

Corollary 4.4: Assume that (S), (L), (P2) and (N2) are satisfied and let u. € U be fixed,
but arbitrary. Then there exists z,,, := ze(ue,0) € F;EI (0) such that z,, > 0 and (0,z,,) N
F1(0)=0.1f

f(ue,2) — f(ue, &)

z—¢
then, for all (x(o),x(_l),...,x(_k))T € lefl, all vee V, all u: Ng— U, all v: Ny —
V such that Z]]';o x4 |[vllee > 0, u(t) = e and v(t) = ve as t — oo, the solu-

tion x of (1) has the convergence property x(t) — Xe(Ue, Ve) as t — 00, where xe(ue, ve) =
Ze(tte, ve) /7 and {ze(ue, ve)} = F;el (yve/(1 = a)).

<p VY(z<) € (0,00) X [zy,,00), z#E, (42)

Proof: The existence of z,, € F,_ 1(0) such that z,, > 0 and (0,z,,) N F,. l0)=0isa
consequence of statement (1) of Lemma 4.1.

To prove the convergence property, assume that (42) holds and let v € V. By state-
ment (2) of Lemma 4.1,

F (7 ve/(1 — @) N [zy,,00) # 0.

For ze(ue,ve) € F;el(y ve/(1 —a)) N [zy,,00), condition (42) guarantees that (28), and
hence, (N3) is satisfied. The claim now follows from statement (2) of Theorem 4.2. [ |

In the following, we identify classes of nonlinearities which satisfy the relevant assump-
tions in Corollary 4.4. The next two lemmas are straightforward consequences of [6,
Lemma 6.8] and [6, Lemma 6.9], respectively.

Lemma 4.5: Assume that f:U x Ry — Ry is continuous, where U C R" is com-
pact, and let p> 0. Let u. € U and assume that z — f(ue,z) is continuously differen-
tiable, f (ue,0) = 0, f' (e, 2) > 0 forall z> 0, f'(ue, 0) > p, z = f'(ue, 2) is non-increasing
and lim,_, o ' (ue, 2) < p, where f' denotes the derivative of f with respect to the second
argument z. Then there exists z,, > 0 such that f (ue, z4,) = pzy, and (42) holds.

As a specific example, consider the Beverton-Holt nonlinearity given by (33): for p> 0
and u. € U = [ug, u1], the conditions in Lemma 4.5 are satisfied, provided that p < a;/a;.
The latter condition is also sufficient for (N2) to hold for the Beverton-Holt nonlinearity.

The next lemma considers a class of Ricker nonlinearities.

Lemma 4.6: Let U := [ug, u1], where 0 < up < uj andletf : U x Ry — Ry be given by
fw,2) :=ze™""* ¥V (w,z) € Ux Ry,
where p is a positive parameter. Assume that
e 2 <p<L (43)

Then (N2) is satisfied, and, for given u. € U, the number z,, := —(Inp)/(pu.) > 0 is the
unique positive solution of the equation f (ue, z) = pz and (42) holds.
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A further class of nonlinearities satisfying (42) is provided in Lemma 5.3, at the end of
the next section.

5. Response to almost periodic additive forcing

In this section, we will investigate the response of system (1) to non-negative almost peri-
odic additive forcing functions v under the assumption that u(tf) — u as t — 0o. The
theory of almost periodic functions defined on Z parallels that of functions defined on R
(see, for example, [11] as a general reference on almost periodicity). The basic theory of
almost periodic functions defined on Z was developed in [55], and further details can be
found, for example, in [11, Section 1.6] and [29, Appendix B].

We begin by presenting some relevant background material on almost periodic func-
tions defined on the discrete-time domain Z. A set Z C Z is called relatively dense (in Z)
if there exists s € N such that

t,.. t+siNZ#0 Vtel

For ¢ > 0, we say that fy € Z is an g-period of w : Z — R™ if | w(t) — w(t + ty)|| < € for
all t € Z. We denote by P(w, ¢) C Z the set of e-periods of w and we say that w : Z — R™
is almost periodic if P(w, ¢) is relatively dense in Z for every ¢ > 0. We denote the set of
almost periodic functions w: Z — W C R™ by AP(Z, W). The functions in AP(Z, W)
are bounded, and, if W is a linear subspace of R™, then AP(Z, W) is a closed subspace
of {*°(Z, W). It is convenient to set AP(Z) := AP(Z,R). Trivially, a periodic function is
almost periodic. An example of a function which is almost periodic, but not periodic, is w :
7 — R defined by w(t) := sin(z /2 1t) for t € Z.
The theorem below is the main result of this section.

Theorem 5.1: Assume that (S), (P2), (L) and (N2) are satisfied, let ue € U be fixed and
let v¥* € AP(Z, V). If

‘f(uea z) — f(ue, &) ‘

<p VY(z,¢) € (0,00) x (0,00), z#E, (44)
then the following statements hold.

(1) There exists x® € AP(Z,R) satisfying the bilateral equation

k k
x(t+1) =D apx(t —j) + Bf [ ue, D yjx(t —j) | +vP(t) VteZ, (45)

j=0 j=0

and x*® is the unique bounded (on Z) solution of (45). Furthermore,

k
inf 2Pt—i) ) >0 46
inf ;yﬂ( NE (46)

and, for every & > 0, there exists 0 > 0 such that P(v*?,0) C P(x*F, ). In particular,
if v¥® is to-periodic for some ty € N, then x*P is ty-periodic.
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(2) Let u and v be functions from Ny to U and V respectively, and let x:
{—k,...,—1} UNy be a solution of the initial-value problem (1). If lim;_, oo u(t) =
u® and lims_, oo (v(t) — v?P(t)) = 0, then limy_, oo (x(t) — x*P(t)) = 0 and

k k
lim inf Z yix(t—j) | = %gé Z yix®(t—j) | > 0. (47)
j=0

t— 00 4
j=0

We remark that, by (N2), there exists z. > 0 such that f(u.,2) > pz for all z € (0, z)
and f (e, ze) = pze. On the other hand, (44) implies |f (e, 0) — f(ue, 2)| < pzforallz > 0.
Consequently, if (N2) and (44) hold, then f(ue, 0) > 0. Note the difference between con-
ditions (42) and (44): the range of ¢ for which the inequality is required to hold is [z., 00)
in (42) as compared to (0, 00) in (44).

Almost periodicity can also be defined for functions with domain Ng by simply replacing
7 with Ny in the above definitions of relative denseness, e-period and almost periodic-
ity. Letting AP(Np, R™) denote the space of almost periodic functions Ny — R™, then,
as explained in [26], the restriction map AP(Z,R™) — AP(No, R™), w — w]|y, is bijec-
tive. In particular, in Theorem 5.1, we could let v be an almost periodic function defined
on Ny, provided that, in (45), v*P is replaced by its unique bilateral extension to Z.

The following simple lemma will be used in the proof of Theorem 5.1.

Lemma 5.2: Let w € AP(Z,R™). If lim;_, o0 inf{[|w(t) — &|| : & € R} = 0, then w(t) €
RY forallt € Z.

The proof of the contrapositive statement is straightforward, using only the definition
of almost periodicity. For the sake of brevity, we leave the details to the reader.

Proof of Theorem 5.1.: The key idea is to apply [26, Theorem 4.3]. To this end, we need to
rewrite the higher-order system in first-order form and, in a second step, ‘transform’ the
nonlinearity in a suitable way, as the theory in [26] is developed for general (not necessarily
non-negative) state-space systems.

Let uand v be functions from Ny to U and V such that u(t) — wu. and v(t) — v*P(t) —> 0
as t — 00, and let x be the solution of the initial-value problem (1). By (N2) and (44)
there exists a unique positive solution z. to the equation pz = f(ue, z). We claim that there
exist o € Ny and # € (0, z¢) such that

k
chc(t+a)=2ij(t+0'—j)217 vVt e Ny, (48)
j=0

where %(t) := (x(£), x(t — 1),...,x(t — k)) T. If%(0) = (x(=k), ..., x(0))T # 0, this is an
immediate consequence of Theorem 3.5. Let us now consider the case wherein x(0) =
(x(=k),... ,x(O))T = 0. As has been already pointed out, it follows from (N2) and (44)
that f(ue,0) > 0. As f is continuous and u(t) — ue as t = 00, it follows that x(¢) £ 0,
whence x(6) > 0 for some 8 € Ny. It now follows as in the proof of statement (2) of
Theorem 4.2 that (48) holds with suitable 0 € Ny and # € (0, z.).
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Proposition 3.3 guarantees that x is bounded. Consequently, as f is continuous (and
hence uniformly continuous on compact sets), and g(¢) defined in (36) converges to 0
att — oo:

tl—l>rl<;lo 9(t) =0.

We note that x satisfies

k k
x(t+1) =D apx(t—j) + f | ue Dyt —j) | +w(t) VteN,

j:O j:O
where w(t) := v(t) + q(t), or, equivalently,
X(t+1) = AX(t) + bf (e, ¢ X(1)) + W(t) V't e Ny,

where w(t) := (w(t),0,...,0)T for all t € Ny. Setting 7P (£) := (v*P(t),0,...,0)" for
all t € Z, we have that

lim (w(r) — ¥ (1)) = 0. (49)
=00
Let f be as in (34) and note that, by (44) and (N2),

f@) —f©)
—¢

z

<p V(@é)eRxRz#£E and lllim (plzl — If (2)]) = co. (50)

For an arbitrary function # : T — R*+1, where T = Ny or T = Z, consider the system
y(t+1) = Ay(t) + bf (" y(t)) + w(t) ViteT. (51)

It follows from (S), (L) and (50) that system (51) satisfies the hypotheses of [26,
Theorem 4.3], and therefore, [26, Theorem 4.3] guarantees that

(a) if, in (51), T = Z and w = ¥*P, then there exists a unique bounded solution y*P :
7 — Rk of (51), y* € AP(Z, R¥*1), and, for all & > 0, there exists 6 > 0 such
that P(v*P,8) C P(y*P, ¢);

(b) if, in (51), T = Ng and w = w, then, since w(t) — V*P(t) — 0 as t — oo by (49),
y(t) — y*(t) > 0ast — oo for every solution y of (51).

Using the notation for left translates defined in (3), we have that 7P and y}a,P are almost
periodic, and it is clear that statements (a) and (b) remain valid when ¥*P, y* and w are
replaced by 7, yo and i, , respectively. Therefore, as y* : Ng — RK+! defined by y*(t) :=
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X(t + o) — X, where
3 T T
Re = (Xer-.nXe) = (2e/75---52/7) € (0,00)*",

satisfies (51) with T =Ny and w = w,, we have that y*(¢) —y;‘}p(t) — 0 as t > oo.
Consequently,
Xt+o)— (7 () +X) > 0 as t—> oo. (52)

As x(t) > 0 for all t € Ny and the function t — yf;p(t) + X, is almost periodic, it follows
from Lemma 5.2 that y;¥ () 4+ X, > 0 for all t € Z. Defining ¥ € AP(Z, lejl) by

BP(t) =y F(t—0) +Fe=yP(t) + X Vtel,

we have that

XP(t+ 1) = AFP (1) + bf (ue, ¢ ¥ (1)) + 7P(H) Vit e Z
Furthermore, by (a)

P(W*,0) C P(y*?,e) = P(x*F, ¢).

Invoking (52) yields

() —3P@) =x() — (7 (t—0)+ %) > 0 ast—> oo. (53)
Denoting the first component of X (¢) by x*P(¢), it is clear that x* is almost periodic, x*P

satisfies (45), and, for every ¢ > 0, there exists & > 0 such that P(v*P, J) C P(x%, ¢). Also,
by (53),

x(t) —x*P(t) > 0 ast — oo. (54)

Combining (54) with (48), the almost periodicity of the function ¢~ cTRP(F) =

ZJI-;O 7jx*P(t — j) and Lemma 5.2 shows that (46) holds. Finally, by almost periodicity

of ¢" %P, we have that inf,e7 ¢ ' %P (f) = lim inf;_ o0 ¢ ' X¥*P(¢), and thus, by (53) and (46),
lim inf %) = inf c'XP(t) > 0

establishing (47) and completing the proof. [

We close this section by specifying a class of nonlinearities which satisfy the condi-
tion (44) in Theorem 5.1. The lemma below follows from a straightforward application of
the mean-value theorem for differentiation.

Lemma 5.3: Let U C R" be compact, u. € U and p> 0. Assume that z — f(ue,z) is
continuously differentiable, f(u.,0) > 0 and
sup |f' (e, 2)| < p, (55)
z>0
where [ denotes the derivative of f with respect to the second argument z. Then there exists a
unique ze > 0 such that f (ue, ze) = pze and (44) holds.

Note that if (55) holds, but f(ue,0) = 0, then f(ue,2) < pz for all z> 0, implying that
there does not exist ze > 0 such that f (1, z.) = pze.

Finally, we note that if f satisfies the assumptions of Lemma 5.3, then condition (42) in
Corollary 4.4 holds.
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6. Examples

To illustrate the results in Sections 3-5, we discuss four examples.

Example 6.1 (The forced Allen-Clark model): Here we consider the nonlinear, scalar,
higher-order (or delayed) difference equation

x(t+1) = ax(t) + Bf (u(t), x(t — k)) + v(t) t e Ny, (56)

where o > 0, § > 0 and k € Ny are constants, and f = f(w, z) is a nonlinearity. Obvi-
ously, (56) is itself a forced (or controlled) version of the Allen-Clark model (2), both of
which are special cases of the general higher-order difference Equation (1) with

op=a, aj=...=a,=0, y=1, yo=...=y-1=0.

Equation (56) will be referred to as the forced Allen-Clark model. We will see below that
the theoretical results of Sections 3-5 apply if a > 0, but they do not apply if & = 0. As
has been already indicated, the term v facilitates modelling immigration into a population,
and the term u may capture environmental variation or harvesting, either anthropogenic
or otherwise. For example, the model [22, Equation (6.7)] is of the form (56) and expresses
the juvenile-only harvesting situation of a population presented in [68], and further studied
in [41], with harvesting rates assumed constant in [41,68].

In accordance with Section 2, the rational function G, the number p and the polynomi-
als a and c associated with (56) are given by

b 1 1-a ok _

CO= g Peem = o CO=fC-a d@=1 6
We investigate under which conditions the key hypotheses of this paper are satisfied. It is
clear that (L) holds because the comprimeness condition (ii) in (L) is trivially satisfied. The
linear stability condition (S) holds if, and only if, & < 1. Furthermore, if & > 0, then J =
{1,k + 1}, implying that (P2) is satisfied. We note that if & = 0, then J = {k + 1}, and so,
(P2) fails to hold whenever k # 0. Throughout the rest of this example, it will be assumed
thata € (0,1).

Hypotheses (N1)-(N3), as well as the inequality (42), depend on the nonlinearity f, and
its relation to the positive parameter p, and require f to enjoy certain qualitative properties.
As a specific example, we consider (56) with

fw,2) =ze™™ z>0, we U, whereU C (0,00) is compact,
that is,
x(t+ 1) = ax(t) + Bx(t — k)e O*=R 4yt e N,. (58)
We remark that (58) is a forced version of the model [56, Equation (6)] for biomass of
mature fish, recorded here for convenience (in the notation of [56]):

Bt = Bt_le_z + OlBt_Te_ﬁBt_T.

Table 1 relates the notation used presently to that in [56, Equation (6)]. The cases of & = 0
or o > 0 correspond to semelparous and iteroparous species, respectively, although recall
that we consider a > 0 here only.
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Table 1. Comparison of notation used in model (58).

Symbol Symbol in [56] Interpretation
x(t) B: biomass of mature fish in the population at time t
a e? Z = Mp + F > 0is the overall instantaneous mortality rate, and is the

sum of natural mortality M, and fishing mortality F
p a maximum per capita reproduction rate (at low population abundance)
K s density-dependent mortality near equilibrium abundance parameter

In the idealized situation in which reproduction in (56) is density-independent, mean-
ing f(w,2) = f(z) = z, the quantity f/(1 —a) = 1/p = G(1) is readily shown to equal
the inherent net reproductive number [13, pp. 7-9, Definition 1] of the linear model (58).
Adapting the conclusion in [13, p. 9], /(1 — a) equals the expected amount of biomass
produced, per unit of biomass, over the course of its lifetime. Therefore, the existence of a
non-trivial equilibrium of the density-dependent model (58) requires that

B

l1—a

>1 < p<l

In the following numerical simulations we fix the model data
k=2 a=01 pg=6 xr=15 x0=1 xY=15 9)
59

=0, U=1[09,11], u=1 V=][0,10].

Then p = 0.15 < 1, and as already discussed, (P2), (S) and (L) are satisfied. A graph of the
nonlinearity f (e, -) = f(1, -) is shown in Figure 2(a), along with the straight lines z > pz
and z — —pz + 2z.(1,0) determining the sector condition (28). Furthermore, as e ? <
p=0.15 < 1, Lemma 4.6 yields that (N2) and (42) hold with model data as in (59),
whence the hypotheses of Theorem 3.5, Theorem 4.2 and Corollary 4.4, our main per-
sistence, stability and convergence results, are satisfied. In the context of (58), the key
condition z = ze(Ue, Ve) € Fu_el(y ve/(1 — a))\{0} from Section 4 becomes

v
Ze — Zee fMeTe — _° (60)
l1—a l—a
Asy = 1, we have that xe = xe (e, Ve) = ze(Ue, Ve) = Ze.
To illustrate statement (1) of Theorem 4.2, let v. = 0 and consider
u(t)y =140sin(t/4) and v(t) =0r(t) te N, (61)

where r(f) is equal to a uniform (pseudo)random number in [0,1] for each t e
Ny, and 6 €[0,0.1] is an amplitude parameter. Figures 2(b)-2(d) shows plots
of x(t; x0 x(=D x(=2) 1, v), x(t; xO x (=D 5 (=2) 4 0) and x(t; xO, x (=D 5(=2) 4 v)4
against ¢, respectively, in each case for # = 0.05 and 6 = 0.1. For comparison, in each
plot a graph of the unforced solution x(t; xO0 x(=D x(=2) 1, 0) is displayed and is seen
to converge to xe(1,0) as ¢ increases. As predicted by the estimate (29) in Theorem 4.2,
the deviation of x(#) from x.(1, 0) decreases as § decreases. Observe that despite v taking
only nonnegative values, the values of x(t; x©, x=D x(=2) 1 v) are occasionally smaller
than those of the unforced solution, a consequence of the non-monotonicity of the Ricker
nonlinearity, capturing so-called overcompensatory recruitment.
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Figure 2. Simulations of the forced Allen-Clark model (58) with model data (59). In panels (b)-(d) the
blue curves show the solution of the unforced model (u(t) = 1 and v(t) = 0). Panel (e) displays graphs
of the solutions corresponding to the forcing functions given in (62). Panel (f) contains simulations
with # = 12 and forcing term (61) with = 0.1.

To illustrate Corollary 4.4, we consider the convergent additive forcing functions

V1) = Ve1(1 4+ (=0.9)), va(t) =vep +te™!, v3(t) =ve3s teNp (62)
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with ve; = 0.5 for i = 1, 2, 3. Figure 2(e) shows graphs of x(t; 1O, x (=D x(=2) 1L,v;)
against f, for i € {1,2,3}. In each case, convergence x(f) = xe(1,ve;) as t — 00 is
observed, in accordance with Corollary 4.4. The limits x.(1, ve ;) agree with the solutions
of (60), obtained numerically by using the MATLAB command fsolve, here giving

Xe1 = 1.5586, Xep = 1.8674, Xe3 = 2.2049.

System (58) is known to admit oscillatory solutions, even in the unforced case, if condi-
tion (43) fails. This occurs, for instance, when £ in (59) is replaced by f = 12, in which
case e =2 > p = 0.075. However, system (58) still satisfies the hypotheses of Theorem 3.5
and exhibits the ultimate semi-global persistence property of Definition 3.4. As a numer-
ical illustration, Figure 2(f) plots in grayscale 40 solutions of (58) with (pseudo)random
initial conditions such that

£ e [0.1,5] and *D = x(=2 =, (63)

and v and v as in (61) with § = 0.1. The inset shows a plot of x() against f for 0 < ¢ <
5 with a logarithmic scale on the vertical axis. We comment that the purpose of Figure
2(f) is not to follow individual solutions, but rather to visualize a system-level property.
The simulations shown in Figure 2(f) are in accordance with Theorem 3.5: indeed, 7 = 4
is the minimal 7 € Ny such that cl (A+ bcT)T > 0, and thus, Theorem 3.5 guarantees
the existence of a number # > 0 such that, for all initial conditions satisfying (63) and all
forcing functions u and v with values in U and V,, respectively, the corresponding solution x
satisfies x(t + 2) > nforallt € Ny. ¢

Example 6.2 (A plant population model with seed bank): Many plants grow from seeds,
and it is a known plant survival strategy that not all seeds germinate in the year following
their dispersal. Seeds which remain dormant underground comprise what is often termed
the seed bank. Thus, mathematical models for seed banks inherently contain delays (and
hence, in discrete-time, higher-order terms). A nice review of mathematical models of
plant species with seed banks appears in [46], and a comprehensive construction of a model
for single local plant populations with linear growth appears in [17, Section 1.2, p. 8]. Here,
we show how certain plant models inspired by those in [17] and [46] are of the form (1).
We assume that seeds may survive k + 1 years in the seed bank, and that older seeds are not
viable. In particular, the present framework allows for any fixed dormancy period. Similar
to [46, Section 2], we let s(¢) and a(t) denote the number of germinating seeds and adult
plants of generation t, respectively, which are assumed to satisfy the following difference
equations

k
stt+1) =D yjalt—j), alt+1)=f(st+1), teN. (64)
=0

Here y; > 0 are constants which capture the combination of the survival of seeds, the
fraction that delay their germination, and the number of seeds produced per plant. Con-
sequently, the first equation determines the number of new seedlings, and the second
equation models the density-dependent growth of germinating seeds into adult plants over
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the course of a season, captured by the nonlinearity f : Ry — R . Eliminating s(t + 1)
from (64), we obtain

k
at+1) =f Zyja(t—j) t € Ny,
=0

which is of the form (1) with # = 1 and aj=0 foreveryj € {0,1,...k}. In particular, the
above model fits the scope of the current work. Hypothesis (P1) holds, provided that yj >
0, which we shall assume, and hypothesis (S) is always satisfied. In this example

a@) =M and o(Q) =yt T+ ke

which are coprime as y; > 0, implying that hypothesis (L) is satisfied. Furthermore, as J =
{ie{l,....,k+1}:y;—; > 0}, a sufficient condition for (P2) to hold is the existence of
an integeri € {1,...,k + 1} such that y;_; > 0 and i and k + 1 are coprime (for example,
if yo > 0). As usual, properties (N1)-(N3) depend on the nonlinearity f and its interplay
with the positive parameter p = 1/G(1) =1/ (Z]]'{:O 7j)- In closing, we comment that the
inclusion of forcing terms in model (64) seems very natural. It is clear that the main results
of Sections 3-5 would apply in this setting. ¢

Example 6.3 (Delay independent stability): Here we demonstrate that there exist scenar-
ios in which the Allen-Clark model (56) has delay-independent global stability properties.
To this end, consider (56) and assume thata € (0,1), > Oandf : U x Ry — R, iscon-
tinuous. Moreover, fix 4, € U and let ve = 0. As shown in Example 6.1, the constant p is
givenby p = (1 — a)/f (not depending on k) and hypotheses (S), (P2) and (L) are satisfied
for every k € Ng. Consequently, an application of Corollary 4.3 shows that if f satisfies (N3)
(a condition which is independent of k as p does not depend on k), then, for every k € Ny,
the unique positive number x. := xe(ue,0) satisfying pxe = f(ue, xe) is an equilibrium
of (56) with v(f) = 0, and furthermore, given an arbitrary compact set I' C Rﬁ_ﬂ\{o},
there exists y € KL and ¢ € K such that, for all initial conditions (x©, ..., xXC")T e T,
all u: Ny — U andall V: Ny — V the solution x of (56) satisfies (29) (with ve = 0). In
particular, if u(t) = u and v(¢) = 0, then

k
[x(t) — xe| < w z 1) —xe|,t] VteN,
j=0

showing that x. is a globally asymptotically stable equilibrium of the unforced Allen-Clark
model (here considered on the domain ]Rl_frl \{0}). We conclude that, in the context of (56),
condition (N3) guarantees delay-independent global asymptotic stability.

These findings contrast with those of [43] which show that conditions under which
the positive equilibrium x. of (2) is globally asymptotically stable in the undelayed case
(k = 0) are not sufficient for global asymptotic stability when k > 3. In other words, global
asymptotic stability in these settings depends on the delay. ¢
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Example 6.4 (Blood cell model): The Allen-Clark model (2) also arises as a discretisation
of the delay-differential equation

x(t) = —ux(t) + f(x(t —9)) te Ry whered,u >0, (65)

see [39]. We remark that (65) is sometimes referred to as Nicholson or Mackey-Glass
equation [27,44]. In the special case wherein f(z) = e7** for all z > 0, (65) is the so-called
(reduced) Lasota-Wazewska haematology model [47, Equation (5.24)]. Here we consider
the following forced discrete-time version of this model, namely

x(t +1) = ax(t) + Bf (u(t), x(t — k)) + v(t) t e Ny, (66)

with k € No, a € (0,1), ,k > 0, uand v taking values in non-empty compact sets U C
(0,00) and V C Ry, respectively, and f(w, z) = e™*"* for all (w,z) € U x R. The forc-
ing terms u and v could, for example, model the intake of drugs affecting blood cell pro-
duction and transfusions, respectively. In the unforced case (u(t) = 1 and v(¢) = 0), (66)
has been studied, for example, in [30], whilst in [8], Equation (66) is analysed in the special
case wherein k = 0, u(¢t) = 1 and v(¢) = const > 0.

Since (66) is a forced Allen-Clark model, conditions (S), (L) and (P2) hold, and p associ-
ated with (66) is given by (57), see Example 6.1. It is clear that (N2) is satisfied. Furthermore,
for any u. € U, we have that

f(ue,0) =1>0 and sup |f (te,2)| = thek,

z>0
and thus, Lemma 5.3 guarantees that (44) is satisfied whenever

1—oa

0 <ue < (67)

t
As a consequence, if the inequality (67) holds, then Theorem 5.1 is applicable.
For numerical simulations, we fix the model data

k=1, a=03 p=06 x=15 U=][0.054], u=1 V=[04], (68)

in which case inequality (67) is satisfied. Therefore, Theorem 5.1 guarantees that the
response of the system is asymptotically (almost) periodic if u(t) = e and v:Ng —» V
is (almost) periodic. Let v be given by

v(t) = 0.5+ 0.2( cos(0.47 t) + 0.5sin(0.37 1)) Vt € Ny, (69)

a periodic function with period 20. The graphs in Figure 3 show the solutions of (66)
corresponding to v as in (69) and u, x© and x= as specified below:

I: u=u,, K0 =1 %D =1 (70a)
M: u=u, x0=075 xD=0 (70b)
III: u=2ue— uy, *© =0, xD =15 (70¢)

where u,(t) := ue(1 + (—=0.95)") for all t € Ny. We observe that, in accordance with
Theorem 5.1, each solution tends asymptotically to the same periodic function. ¢
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Figure 3. Simulations of the forced Allen-Clark model (66) with model data (68) and forcing functions
and initial conditions given by (69) and (70a).

7. Discussion

The dynamic properties of boundedness, persistency, stability and convergence have been
considered for the class of nonlinear, positive, scalar, higher-order difference Equations (1).
Sufficient conditions for these properties have been provided across our main results of
Proposition 3.3, Theorems 3.5, 4.2 and 5.1, and Corollary 4.4. Persistency plays a piv-
otal role throughout and the key hypothesis (P2) is an easily checkable condition which,
together with (S), (L) and (N2), guarantees that (1) is persistent. Our work traces its inspi-
ration to [63], complements related work of the authors [21-24], and enhances aspects of
these papers.

The application of our results to a range of models arising in theoretical biology
and ecology - the Allen-Clark model in population dynamics, plant models with seed
banks, and haematology models — has been presented across Examples 6.1, 6.2 and 6.4,
respectively. For the Allen-Clark model (2), our results, when applicable, ensure delay-
independent stability as described in Example 6.3. A distinguishing feature, as compared
to the literature, is the inclusion of forcing terms. The stability and convergence results
in Sections 4 and 5, based on control-theoretic input-to-state stability ideas and which go
beyond standard Lyapunov theory and apply to the forced system (1), are not restricted to
the analysis of the stability properties of the equilibrium of the unforced version of (1).

In terms of open problems, we have made essential use of the sector condition (N3) to
ensure stability. Careful analyses such as [25] have identified classes of unforced higher-
order scalar difference equations, which are special cases of (1) and where (N3) is violated,
yet global asymptotic stability of a non-zero equilibrium is still ensured. The work [25]
exploits that the dynamics of a certain higher-order difference equation may be domi-
nated by the dynamics of a first-order difference equation with a positive global attractor.
The extent to which these methods, or the use of envelopments by linear fractional
functions [12], may be applicable to forced problems are interesting topics for future
research.
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Notes

1.

2.

Dis

Whilst [53, Corollary 17] applies to difference equations, an inspection of the proof of [53,
Corollary 17] shows that it extends in straightforward way to set-valued nonlinearities.

Here it is important to recall that (N1) forms part of the condition (N2). Whilst in [23,
Theorem 4.4] it is imposed that (N1’) holds (an assumption more restrictive than (N1)), in
the proof of [23, Theorem 4.4] condition (18) is used to establish uniform boundedness of
the state trajectories generated by initial conditions in I" and forcing functions u : Ng — U
and v: Ny — V. As we have seen, in the current setting, this uniform boundedness property is
guaranteed by Proposition 3.3 which only assumes that (N1) holds.

. Whilst the definition of f is identical to that of f‘ with # = 0, we remark that in the case

wherein ve = 0 and f (1., 0) = 0, we have that f (1, z.) = pz., and thus [f(ue, —ze)| = pl — zel-
Consequently, there does not exist p € K such that (38) holds with f replaced by f.

. Here and in Example 6.4, this notation is used to emphasize the dependence of solutions on

the initial conditions and forcing functions, and to distinguish notationally between several
solutions.

closure statement

No potential conflict of interest was reported by the author(s).

Funding

Chris Guiver’s contribution to this work has been supported by a Personal Research Fellowship from
the Royal Society of Edinburgh (RSE) [award #2168]. Daniel Franco and Juan Perdn were supported
by the Agencia Estatal de Investigacion (Spain) and the European Regional Development Fund [EU,
grant number PID2021-122442NB-100].

Data availability statement

Data sharing is not applicable to this article as no new data were created or analysed in this study.

References

(1]
(2]
(3]

K.R. Allen, Analysis of stock-recruitment relations in Antarctic fin whales, Rapp. Proc. Verb.
Reun. Cons. Perm. Intl. Explor. Mer. 164 (1963), pp. 132-137.

M.O. Bergh and W.M. Getz, Stability of discrete age-structured and aggregated delay-difference
population models, J. Math. Biol. 26 (1988), pp. 551-581.

A. Berman, M. Neumann, and R.J. Stern, Nonnegative Matrices in Dynamic Systems, John
Wiley & Sons Inc., New York, 1989.

A. Berman and R.J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, SIAM,
Philadelphia, 1994.

A. Bill, C. Guiver, H. Logemann, and S. Townley, Stability of nonnegative Lur’e systems, SIAM
J. Control Optim. 54 (2016), pp. 1176-1211.

A. Bill, C. Guiver, H. Logemann, and S. Townley, The converging-input converging-state
property for Lur’e systems, Math. Control Signals Syst. 29 (2017), pp. 4. Available at
http://dx.doi.org/10.1007/s00498-016-0184-3.

L.W. Botsford, Further analysis of Clark’s delayed recruitment model, Bull. Math. Biol. 54
(1992), pp. 275-293.

E. Braverman and S.H. Saker, On a difference equation with exponentially decreasing nonlin-
earity, Discrete Dyn. Nat. Soc. 2011 (2011), pp. 147926.

N.E Britton, Essential Mathematical Biology, Springer, London, 2003.

C.W. Clark, A delayed-recruitment model of population dynamics, with an application to
baleen whale populations, J. Math. Biol. 3 (1976), pp. 381-391.


https://doi.org/http://dx.doi.org/10.1007/s00498-016-0184-3

(11]

(12]

(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]

(21]

(22]

(23]

(24]

(25]
(26]
(27]
(28]

(29]
(30]

(31]

(32]
(33]

(34]

JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS e 33

C. Corduneanu, Almost Periodic Functions, 2nd ed., Chelsea Publishing Company, New York,
1989.

P. Cull, Enveloping implies global stability, in Difference Equations and Discrete Dynamical Sys-
tems, L.].S. Allen, B. Aulbach, S. Elaydi, and R. Sacker, eds., World Scientific, Singapore, 2005,
pp- 71-85.

J.M. Cushing, An Introduction to Structured Population Dynamics, Society for Industrial and
Applied Mathematics, SIAM, Philadelphia, 1998.

S.N. Dashkovskiy, D.V. Efimov, and E.D. Sontag, Input-to-state stability and allied system
properties, Autom. Remote Control 72 (2011), pp. 1579-1614.

E.A. Eager, Modelling and analysis of population dynamics using Lur’e systems accounting for
competition from adult conspecifics, Lett. Biomath. 3 (2016), pp. 41-58.

E.A. Eager, R. Rebarber, and B. Tenhumberg, Global asymptotic stability of plant-seed bank
models, J. Math. Biol. 69 (2014), pp. 1-37.

L. Edelstein-Keshet, Mathematical Models in Biology, Society for Industrial and Applied
Mathematics, SIAM, Philadelphia, 2005.

H.A. El-Morshedy and E. Liz, Convergence to equilibria in discrete population models, J. Differ.
Equ. Appl. 11 (2005), pp. 117-131.

M.E. Fisher, Stability of a class of delay-difference equations, Nonlinear Anal. 8 (1984), pp.
645-654.

M.E. Fisher and B.S. Goh, Stability results for delayed-recruitment models in population
dynamics, ]. Math. Biol. 19 (1984), pp. 147-156.

D. Franco, C. Guiver, and H. Logemann, Persistence and stability for a class of forced pos-
itive nonlinear delay-differential systems, Acta Appl. Math. 174 (2021), pp. 1. Available at
https://doi.org/10.1007/s10440-021-00414-5.

D. Franco, C. Guiver, H. Logemann, and J. Peran, Semi-global persistence and stability for a
class of forced discrete-time population models, Physica D 360 (2017), pp. 46-61.

D. Franco, C. Guiver, H. Logemann, and J. Peran, Boundedness, persistence and stability for
classes of forced difference equations arising in population ecology, J. Math. Biol. 79 (2019),
pp. 1029-1076.

D. Franco, C. Guiver, H. Logemann, and J. Peran, Persistency and stability of a class of nonlinear
forced positive discrete-time systems with delays, Physica D 467 (2024), pp. 134260. Available
at https://doi.org/10.1016/j.physd.2024.134260.

D. Franco, H. Logemann, and J. Peran, Global stability of an age-structured population model,
Syst. Control Lett. 65 (2014), pp. 30-36.

M.E. Gilmore, C. Guiver, and H. Logemann, Semi-global incremental input-to-state stability
of discrete-time Lur’e systems, Syst. Control Lett. 136 (2020), pp. 104593.

W.S.C. Gurney, S.P. Blythe, and R.M. Nisbet, Nicholson’s blowflies revisited, Nature 287 (1980),
pp- 17-21.

W.M. Haddad, V. Chellaboina, and Q. Hui, Nonnegative and Compartmental Dynamical
Systems, Princeton University Press, Princeton, 2010.

A. Halanay and V. Ionescu, Time-Varying Discrete Linear Systems, Birkhduser, Basel, 1994.
Y. Hamaya, Global attractivity in Wazewska-Lasota difference model, Differ. Equ. Dyn. Syst. 5
(1997), pp. 187-195.

M.W. Hirsch and H.L. Smith, Monotone dynamical systems, in Handbook of Differential
Equations: Ordinary Differential Equations, A. Canada, P. Drabek, and A. Fonda, eds.,
North Holland Publishing Company, Amsterdam, Vol. 2, 2006, pp. 239-357. https://shop.
elsevier.com/books/handbook-of-differential-equations-ordinary-differential-equations/
canada/978-0-444-52027-2

R.A. Horn and C.R. Johnson, Matrix Analysis, 2nd ed., Cambridge University Press, Cam-
bridge, 2013.

A'F. Ivanov, On global stability in a nonlinear discrete model, Nonlinear Anal. 23 (1994), pp.
1383-1389.

D. Jordan and P. Smith, Nonlinear Ordinary Differential Equations: An Introduction for
Scientists and Engineers, 4th ed., Oxford University Press, Oxford, 2007.


https://doi.org/10.1007/s10440-021-00414-5
https://doi.org/10.1016/j.physd.2024.134260
https://shop.elsevier.com/books/handbook-of-differential-equations-ordinary-differential-equations/canada/978-0-444-52027-2

34 D. FRANCO ET AL.

(35]
(36]
(37]
(38]
(39]
(40]
(41]
(42]
(43]

(44]

[45]
[46]

(47]

(48]
(49]

(50]
(51]
(52]
(53]
(54]
(55]
(56]
(57]
(58]
(59]
[60]
(61]

[62]
(63]

[64]

[65]

C.M. Kellet, A compendium of comparison function results, Math. Control Signals Syst. 26
(2014), pp. 339-374.

M.A. Krasnosel’skij, ].A. Lifshits, and A.V. Sobolev, Positive Linear Systems: The Method of
Positive Operators, Heldermann, Berlin, 1989.

U. Krause, Positive Dynamical Systems in Discrete Time, De Gruyter, Berlin, 2015.

J.P. LaSalle, The Stability and Control of Discrete-Time Processes, Springer, New York, 1986.
S. Lepri, G. Giacomelli, A. Politi, and ET. Arecchi, High-dimensional chaos in delayed dynam-
ical systems, Physica D 70 (1994), pp. 235-249.

S.A. Levin and C.P. Goodyear, Analysis of an age-structured fishery model, J. Math. Biol. 9(3)
(1980), pp. 245-274.

E. Liz and P. Pilarczyk, Global dynamics in a stage-structured discrete-time population model
with harvesting, J. Theor. Biol. 297 (2012), pp. 148-165.

H. Logemann and E.P. Ryan, Ordinary Differential Equations: Analysis, Qualitative Theory
and Control, Springer, London, 2014.

V.J. Lépez and E. Parrefio, LAS and negative Schwarzian derivative do not imply GAS in Clark’s
equation, J. Dyn. Differ. Equ. 28 (2016), pp. 339-374.

M.C. Mackey and L. Glass, Oscillation and chaos in physiological control systems, Science 197
(1977), pp. 287-289.

A. Mironchenko, Input-to-State Stability, Springer, Cham, 2023.

C.D. Mistro, L.A.D. Rodrigues, and A.B. Schmid, A mathematical model for dispersal of an
annual plant population with a seed bank, Ecol. Mod. 188 (2005), pp. 52-61.

PJ. Mitkowski, Mathematical Structures of Ergodicity and Chaos in Population Dynamics,
Springer, Cham, 2021.

J.D. Murray, Mathematical Biology, Vol I: An Introduction, 3rd ed., Springer, New York, 2002.
A. Rantzer and M.E. Valcher, Scalable control of positive systems, Annu. Rev. Control Robot.
Auton. Syst. 4 (2021), pp. 319-341.

R. Rebarber, B. Tenhumberg, and S. Townley, Global asymptotic stability of density dependent
integral population projection models, Theor. Popul. Biol. 81 (2012), pp. 81-87.

W.E. Ricker, Stock and recruitment, J. Fish. Res. Board Can. 11 (1954), pp. 559-623.

WJ. Rugh, Linear System Theory, 2nd ed., Prentice Hall, Upper Saddle River, NJ, 1996.

E. Sarkans and H. Logemann, Input-to-state stability of discrete-time Lur’e systems, SIAM J.
Control Optim. 54 (2016), pp. 1739-1768.

S.J. Schreiber, M. Benaim, and K.A.S. Atchadé, Persistence in fluctuating environments, J. Math.
Biol. 62 (2011), pp. 655-683.

I. Seynsche, Zur Theorie der fastperiodischen Zahlenfolgen, Rend. Circ. Mat. Palermo 55
(1931), pp. 395-421.

A.O. Shelton and M. Mangel, Fluctuations of fish populations and the magnifying effects of
fishing, Proc. Natl. Acad. Sci. 108 (2011), pp. 7075-7080.

H.L. Smith, Monotone Dynamical Systems: An Introduction to the Theory of Competitive and
Cooperative Systems, AMS, Providence, R.I., 1995.

H.L. Smith and H.R. Thieme, Dynamical Systems and Population Persistence, AMS, Provi-
dence, R.I, 2011.

H.L. Smith and H.R. Thieme, Persistence and global stability for a class of discrete time
structured population models, Discrete Contin. Dyn. Syst. 33 (2013), pp. 4627-4646.

E.D. Sontag, Input-to-state stability: Basic concepts and results, in Nonlinear and Optimal Control
Theory, P. Nistri and G. Stefani, eds., Springer, Berlin, 2006, pp. 163-220.

E.D. Sontag, Mathematical control theory: Deterministic finite dimensional systems, in Vol. 6 of
Texts in Applied Mathematics, Springer, New York, 2013.

Z.M. Sykes, On discrete stable population theory, Biometrics 25 (1969), pp. 285-293.

S. Townley, R. Rebarber, and B. Tenhumberg, Feedback control systems analysis of density
dependent population dynamics, Syst. Control Lett. 61 (2012), pp. 309-315.

T.J.M. Van Dooren and J.A.]. Metz, Delayed maturation in temporally structured populations
with non-equilibrium dynamics, J. Evol. Biol. 11 (1998), pp. 41-62.

M. Vidyasagar, Nonlinear Systems Analysis, 2nd ed., Prentice-Hall, Englewood Cliffs, NJ, 1993.



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS e 35

[66] J. Wen, H.L. Smith, and H.R. Thieme, Persistence versus extinction for a class of discrete-time
structured population models, . Math. Biol. 72 (2016), pp. 821-850.

[67] A. Wikan and E. Mjelhus, Overcompensatory recruitment and generation delay in discrete
age-structured population models, J. Math. Biol. 35 (1996), pp. 195-239.

[68] E.E Zipkin, C.E. Kraft, E.G. Cooch, and PJ. Sullivan, When can efforts to control nuisance and
invasive species backfire? Ecol. Appl. 19 (2009), pp. 1585-1595.

Appendix

Consider the following higher-order Lur’e difference equation, which is of the same form as (1), but
without any non-negativity constraints and the nonlinearity is independent of any external forcing:

k k
Xt+1) =D ot =)+ ph | D ypxt=j) | + v, x(=)=xeR,
j=0 j=0

j=0,....,k teN, (A1)

where k € Ny, aj, 7j, # € Rforj=0,...,k g #0, Z]I'Czo [yjl > 0and |ag| + |yl > 0. The nonlin-
earity h : R — R is assumed to be continuous and the function v takes values in R. As in Section 2,

seta(() := ¢ — Z;(ZO a7, e(0) = Z]]-czo yjc*7 and

BEinc™ pe)
okl — Z,k:o ajck=i - al0)

G(¢() == ,  whereg € C.

Let A € REFDXGEAD and b,c € R be given by (9) and set ¥(t) :== (v(t),0,...,0)". Then
Equation (A1) can be expressed in the form

X(t+ 1) = Ax(t) + bh(c"x(t)) + (1), x0) = x©,...,xNT teN,. (A2)
Furthermore, G(¢) = ¢! (¢ — A)™1b.
The following theorem is a special case of [53, Theorem 13].
Theorem A.1: Assume that (S) and (L) hold. If there there exists p € Ko such that
[h(2)] < (1/IGll=)lzl — p(lz]) VzeR,

then there exist y € KL and ¢ € K such that, for all @O, x0T e RFL gnd all v
No — R, the solution x of (A1) satisfies

k
(@O <y [ DLt ) +p(Ivleon) Ve No.
j=0

Proof: Consider the first-order (or state-space) formulation (A2) of the higher-order system (A1)
and note that, by the special structure of A and b, the linear system

x(t+ 1) = Ax(t) + bu(t), y(t) = ¢’ x(t)

is controllable. Trivially, by the linear stability assumption (S), this system is also stabilizable and
detectable. Consequently, invoking (L) and Lemma 3.1, we conclude that [53, Assumption A] is
satisfied. Exploiting the linear stability assumption (S) once more, it follows that [53, Theorem 13]
applies to (A2) (with, in the notation of [53], linear stabilizing feedback K = 0), establishing the
claim. |
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