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be improved. For example, the word "transition" should remain in one line. Also, what
does N represent? The authors should explain the figure in the main text.
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The reviewer is correct. Figure 7 was not directly obtained from Lőrincz (1986) but
modified from his work. We have clarified this is in the figure caption. Also, upon review
we have considered the usefulness of Figure 7(a) and decided to remove it. This
removes the need for this reviewer’s request. We have also improved the explanation
of the figure within text by adding the following sentences:

“Lőrincz (1986) using suffusion test data, discussed an internal stability criterion using
grading entropy coordinates (as defined in Section 2) which is explained here with
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This is a fair point made by the reviewer. The data presented in Figure 8 included data
from experiments, field investigations and numerical simulations on soils that
experienced liquefaction. The key point here was to illustrate that data from soils which
may be classified as non-liquefiable by some of the existing PSD-based liquefaction
susceptibility criteria were shown to indeed be liquefiable under our proposed
liquefaction susceptibility criterion based on grading entropy. Nevertheless, we believe
that the reviewer’s comment is a fair one. We have therefore included non-liquefied
data in the figure and clarified the point we were trying to make in a clearer manner by
adding the following lines to the manuscript:

“In an attempt to link the internal stability criterion to liquefaction, Barreto et al. (2019)
analysed 39 PSDs form different sources (data including experiments, field data and
DEM simulations) which were known to liquefy (Fig. 8). Notably, the data included in
Fig. 8 for PSDs that are susceptible to liquefaction does include data that are deemed
as not susceptible to liquefaction by existing criteria. But more importantly, they found
that PSDs that were known to have liquified all fell into the region denoted by A < 2/3
on a normalised entropy diagram. To further confirm this interpretation, Fig. 8 also
shows experimental data from soil that did not liquefy. This study suggests that the
stability criteria set out by Lőrincz (1986), could, in first instance, predict whether a soil
is susceptible to liquefaction based on its normalised entropy coordinates.”
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4.For Figures 9 and 10, it's not clear where the liquefaction region is.

Response:

We have modified the figure to clarify where the non-liquefiable and liquefiable regions
may be found. They have been included in the updated manuscript.

5.For the liquefiable soils presented in Figure 8/9/10, what are their basic soil
properties? e.g. sands, sands with fines (silt or clay), soils with certain ranges of
relative density/void ratio/confining pressure, etc. Summarizing the attributes of the
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Rubber-Soil mixtures: use of grading entropy theory to evaluate their 

stiffness, and liquefaction susceptibility  

Juan Bernal-Sanchez1, James Leak1, Daniel Barreto1 

1Edinburgh Napier University, School of Engineering and the Built Environment, Merchiston  Campus, 
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Abstract 

Rubber-soil mixtures are known to have mechanical properties that enable their use in backfills, road construction 

or geotechnical seismic isolation systems. The complexity of these mixtures comes from adding soft (i.e. rubber) 

particles that increases the number of particle properties to consider when studying the macroscopic behaviour. 

The distinction between sand-like and rubber-like behaviour is normally presented in relation to the rubber content 

and size ratio between particles. It is however unknown how the change on the mixture gradation affects the 

mechanical behaviour of RSm. Entropy coordinates condense the entire particle size distribution (PSD) to a single 

point on a Cartesian plane, accounting for all the information in the gradation. Grading entropy coordinates have 

been used to study typical geotechnical behaviours of mostly incompressible (i.e. sand) soils. In this study, entropy 

coordinates are used to analyse the correlation between the small-strain stiffness and liquefaction susceptibility of 

RSm and their PSDs. The results suggest that entropy coordinates can be used effectively on RSm as an alternative 

means of assessment of typical soil behaviours, being also able to distinguish between sand-like and rubber-like 

behaviours. Based on the 30 PSDs analysed, it is also evidenced that internal stability criterion proposed by 

Lőrincz (1986) can be used to predict the liquefaction susceptibility of RSm. The normalised base entropy (A) 

has also been shown to increase with the rubber content, which is linked to a lower liquefaction susceptibility, due 

to the supporting effect of rubber particles on strong-force chains formed of sand particles. 

Keywords: Rubber-soil mixtures · Grading entropy coordinates · Internal stability · Liquefaction susceptibility 

· Force transmission  
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Notation 

The following notation is used in this work: 

∆𝑺 =Entropy increment  

𝑺𝟎 =Base entropy 

A = Normalised base entropy increment  

B = Normalised entropy increment 

1 Introduction 

Civil engineering projects are often large scale, time sensitive, and crucially: material intensive. There is also, 

undoubtedly, a global waste problem. As such, great effort has been made to incorporate recycled material into 

engineering projects (European Communities, 2006). One of the most abundant waste materials available are 

scrap tyres. The disposal of scrap tyres has become a major environmental problem in many countries around the 

world. The high durability in addition to the strength of the vulcanised rubber has made the recovery of the 

material difficult, hence used tyres typically end up in landfills or stockpiles (ETRMA, 2015). Tyres have however 

a number of opportunities for repurpose in Civil Engineering infrastructure, including the production of cement 

mixtures, road construction and geotextiles (Xiong, 2013). One of the more interesting applications is the 

combination of rubber-sand mixtures (RSm) and its ability to be used as a Geotechnical Seismic Isolation (GSI) 

technology to offset the destructive effects of seismic events (Tsang et al., 2012). However, the use of RSm is still 

relatively new, and in this regard, its use in permanent (long-term) constructions is still questioned. Moreover, the 

range of tyre aggregates is large, which in turn affecting the properties of RSm such as stiffness, particle size, 

shape, and overall content (e.g., Kim and Santamarina 2008; Anastasiadis et al., 2012; Senetakis et al. 2012).  
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1.1 Rubber-Soil mixtures 

The complexity of understanding the response of Rubber-Sand mixtures (RSm) under loading stems from adding 

"soft" particulate rubber to a material originally consisting of rigid particles. The binary skeleton of RSm is a 

combination of rigid-soft particles which interact at a particulate level and may influence the macroscopic 

behaviour depending on aspects such as the rubber content or size ratio between sand and rubber particles (Kim 

and Santamarina, 2008). 

A broad view of how RSm behaves in comparison with a conventional (incompressible) soil points 

unambiguously to an increase in compressibility (Masad et al., 1996; Youwai and Bergado, 2003). With regards 

to the strength, the picture is less clear: considering only the static case, shearing resistance may increase or 

decrease due to the addition of rubber (Sheikh et al., 2012). This entails the study of additional particle properties 

such as rubber mass, size, shape, or stiffness and its interaction with sand particles. The dominant behaviour of 

RSm is however not only dictated by the particle properties but also the test conditions, i.e. mean stress 

(Anastasiadis et al., 2012; Senetakis et al., 2012). The existence of such a vast number of factors leads to a scenario 

where the evaluation of both static and dynamic behaviour is challenging. 

For example, Zornberg et al., (2004) noted that mixtures of rubber (big) chips below 35%-40% exhibit high shear 

strength and appropriate compaction characteristics. The static behaviour changed above 35% rubber exhibiting 

a fully contractive behaviour and a reduction in friction angle. Lee et al. (2010) postulated that load carrying force 

chains were created along the stiff sand skeleton, whilst the addition of rubber resulted in a reduction of the peak 

strength. The concepts of sand-like behaviour; characterised for exhibiting higher small-to-large stiffness, and 

rubber-like behaviour; defined as a mixture that presents lower shear moduli and deforms more easily under 

loading, were thus consolidated to explain the evolution in the macro-scale parameters of RSm (Lee et al., 2007; 

Kim and Santamarina, 2008).  

Another property considered in the literature has been the rubber shape. Edincliler et al. (2010) demonstrated that 

an increase in the aspect ratio of rubber fibres enhances the shear strength by adding rubber content above 20%. 

Fu et al. (2017) showed how tyre crumbs do not contribute to the rise in the peak shear strength and only 30% of 

rubber fibres can lead to higher values, which was attributed to the reinforcing effect of elongated particles. Thus, 

rubber-like behaviour is more prominent with the addition of rubber crumbs. According to Sheikh et al. (2012) 

and Fu et al. (2017), this can be reverted, and the sand-like behaviour be more apparent when altering rubber size 

either by increasing its length, i.e. aspect ratio, or with bigger rubber particles. 

Regarding the dynamic behaviour of RSm, this has been widely studied for its potential application when used in 

a GSI system (Tsang, 2009; Tsang and Pitilakis, 2019). For that, the shear modulus and damping ratio, which 

characterise the soil dynamic properties, have to be understood at very small strains. Previous studies 

(Anastasiadis et al., 2012; Mashiri et al., 2016; Bernal-Sanchez et al., 2019, 2020) gathered experimental results 

showing the change in dynamic behaviour of RSm. The literature coincides that the small strain shear stiffness of 

RSm increases with confining pressure, but it decreases with rubber content and shear strain amplitude. This 

reduction in stiffness appeared however more attenuated during the sand-like behaviour, at rubber contents below 

35% and when increasing the size ratio. However, even with the extended experimental data on static and dynamic 

behaviour, no correlation has been established yet between the change in stiffness of RSm and the particle (size) 

gradation of the mixture.  

It should be noted that the previously mentioned shift in mechanical behaviour is not entirely unique to RSm. It 

is well understood that with the addition of fines to soils, there exists a point in which the mechanical response 

shifts from sand-dominated to fine-dominated. The is distinguished by a fines content (FC) threshold, commonly 

reported at around 30%-40% FC (Thevanayagam, 1998). The concept of the threshold fines concept is useful as 

it relates to the concept of skeletal void ratio. In other words, it helps to differentiate state conditions in which 

coarse particles float on a matrix of finer particles, or those in which finer particles simply fill the inter -particle 

voids of coarse grains and provide no load-carrying capacity to the soil skeleton.  

Additional similarities in behaviour can be created between the addition of rubber particle and the inclusion of FC 

in a soil. According to the literature, the effect of adding FC to a soil leads to increasing its liquefaction resistance 

(Okashi, 1970), or, on the other hand, inhibits the stability of the grains, leading to a greater liquefaction 

susceptibility (Baziar and Dobry, 1995). But, as addressed in the literature, th e effect of FC on the undrained 

response of a soil is not only attributed to the amount of fines. Moreover, the choice in state measure (i.e, relative 



density or void ratio) chosen either pre or post consolidation is an important factor (Ress, 2010; Gobbi et al., 

2021). Also, the addition of plastic fines has been suggested to increase the liquefaction resistance of soils due to 

the increase in the cohesive strength (Guo and Prakash, 1999; Perlea, 2000; Tsai et al., 2019).  

With regards to the liquefaction susceptibility of RSm, existing research has demonstrated that introducing tyre 

derived aggregates (Kaneko et al., 2013; Mashiri et al., 2016), particulate rubber (Otsubo et al., 2016; Bernal-

Sanchez et al., 2020) or tyre powder (Bahadori and Roohollah, 2018) leads to a significant reduction in the 

accumulation of pore water pressure. The latter would result in an improvement of the liquefaction resistance and 

a higher stability against cyclic loading of sand specimens. Most of these studies point to the deformability of 

rubber to account for the higher liquefaction resistance. On the other hand, Promputthangkoon and Hyde (2008), 

testing mixtures with tyre chips, and Shariatmadari et al. (2018), with granulated rubber, found that liquefaction 

resistance of RSm decreases by adding rubber. This was attributed to the basis that specimens were prepared at a 

very high density (Dr = 90%). Despite the current knowledge, no previous study has attempted to study the 

dependency between the RSm gradation (i.e. PSD) and their liquefaction susceptibility.  

Commonly used gradation-based methods are used to assess the liquefaction susceptibility of a soil. This is the 

case for classifications that consider particle descriptors such as the mean particle size (d50) and the coefficient of 

uniformity (Cu) (Isihara, 1997). The proposed limits proposed by Tokimatsu and Yoshimi (1983) are still being 

used today to assess the liquefaction susceptibility of soils dividing them into well-graded and poorly-graded soils. 

Despite the extensive empirical data, the latter approach (Tokimatsu and Yoshimi, 1983) appears to be 

problematic for certain soils. A possible reason for this, is that PSD descriptors used only account for individual 

particle diameters (e.g. d50 and cu = d60/d10). Such parameters clearly ignore the content of fines and gravels in 

soils. An alternative approach should thus be used to consider the whole PSD of the soil.  

Grading entropy is a method that uses principles akin to information entropy. It has been adopted to effectively 

explain the relationship between the gradation and geotechnical phenomena such as particle breakage evolution 

(Lőrincz, 2005; Leak et al., 2021), the dependence of small strain shear stiffness on gradation (Barreto and Imre, 

2018) and liquefaction susceptibility (Barreto et al., 2019), amongst others. The addition of rubber into sand raises 

interesting questions, particularly in regard to the soils stiffness and overall strength. How much does rubber 

contribute to stress transmission? How significant is the importance of changes in void ratio as rubber is added? 

How are these things influenced by the rubber flexibility and other characteristics? What is the effect of the PSD 

of the RSm on its mechanical behaviour? In this study, a simple and effective criterion that may be used to assess 

the susceptibility to liquefaction of RSm using grading entropy coordinates is proposed for the first time. The 

results also provide a clear link between the gradation of RSm and its shear stiffness that extend our understanding 

beyond the dependence of stiffness on just rubber content, size ratio between rubber and sand particles or rubber 

shape. 

1.2 Mechanical behaviour of RSm  

The mechanical behaviour of RSm has been extensively characterised in the literature. On the basis of resonant 

column and cyclic triaxial tests (Bernal-Sanchez et al., 2018, 2019, 2020), a reduction in soil shear stiffness, both 

with shear strain and rubber content has been addressed (Fig 1a). The latter is explainable by the presence of 

deformable rubber particles. Stiffness decays for all rubber percentages when applying larger strain amplitudes. 

This phenomenon is observed to be more pronounced at low rubber percentages (e.g. 0 - 10% by mass), as one 

would expect for a pure sand and RSm in which the sand fraction is dominant, i.e. sand-like behaviour (Lee et al., 

2010). On the other hand, the initial stiffness and subsequent decrease with strain amplitude is lower in specimens 

containing higher rubber contents (e.g. 20 – 30% by mass), i.e. rubber-like behaviour (Kim and Santamarina, 

2008), and it implies a greater ability to withstand large deformations.   

With regards to the damping capacity of RSm, it is proven that energy dissipation occurs due to the development 

of friction between sliding sand particles (Senetakis et al., 2012) in addition to the deformation experienced by 

rubber particles (Fonseca et al., 2019). Experimental results (Fig. 1b) show that, in general terms, adding 

particulate rubber to sand leads to an improvement of both the viscous (small strain) damping and hysteretic (large 

strain) damping.  

 



(a)                                                                                   (b) 

2 Grading Entropy  

Proposed by Lőrincz (1986), grading entropy coordinates have recently been used by to further understand the 

evolution of particle breakage (Leak, et al, 2022), the prediction of permeability (O’Kelly & Nogal, 2020; Feng 

et al, 2019). Oquendo and Estrada (2022) also applied grading entropy coordinates to particle jamming, revisit ing 

the Fuller and Thompson distribution. Grading entropy coordinates enable the entirety of a soil PSD to be assessed. 

This is achieved via summation of the entropy in each individual fraction  (i.e. mass percentage retained in each 

sieve), allowing the total entropy (Eq. 1) of the distribution to be represented by a single point on a cartesian plane: 

 

 𝑆 = ∆𝑆 + 𝑆0 (1) 

 

where S is the total grading entropy, S is the entropy increment, and S0 is the base entropy. S and S0 are the 

(non-normalised) grading entropy coordinates and make the coordinate pair that may represent any PSD. The 

entropy increment (S), normally plotted on the y-axis, is defined as: 

 
∆𝑆 =  −

1

ln (2)
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Where n is the number of the fractions (i.e. sieves) between the finest and coarsest particles, xi is the relative 

frequency of the fractions (i.e. mass percentage retained) and the base entropy (S0), normally plotted on the x-

axis, is given by: 

 
𝑆0 = ∑ 𝑥𝑖𝑆𝑜𝑖

𝑛

𝑖=1

 
 

(3) 

 

In equation (3), 𝑆𝑜𝑖 is the intrinsic entropy, an integer which increases relative to standard sieve sizes, as seen in 

Table (1): 

Fraction 0 … 22 23 24 

d (mm) 

 

So (-) 

2−222−21 

 

0 

 1-2 

 

22 

2-4 

 

23 

4-8 

 

24 

Table 1- The intrinsic entropy (S0) corresponding to their soil fractions (Barreto et al., 2019) 

Figure 1. a) Shear modulus and b) damping ratio of RSm from small-to-large strains (Bernal-Sanchez, 2020) 
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Table 1- The intrinsic entropy (S0) corresponding to their soil fractions. 

These coordinates have simple physical meanings. The base entropy (𝑆0) is a logarithmic mean of the average 

grain diameter and relates to the skewness of the PSD. The entropy increment (∆𝑆) is a measure of how much a 

soil is influenced by its fractions and it relates to the kurtosis of the distribution. While S0 may be related to d50 

and ∆𝑆  to the coefficient of uniformity (Cu) it must be noted that the entire PSD is considered by these coordinates.  

Note that S and S0 have normalised variants, where 0<A<1 and 0<B<Bmax  1.41. Here, ‘A’ is the normalised 

base entropy and ‘B’ is the normalised entropy increment, given by:  

   

 
𝐴 =

𝑆0 − 𝑆0𝑚𝑖𝑛

𝑆0𝑚𝑎𝑥 − 𝑆0𝑚𝑖𝑛

 
 

    (4) 

 

 
𝐵 =

∆𝑆

ln (𝑁)
 

 

 

      (5) 

PSDs which are uniformly sized (narrow range of particle diameters) have a low entropy increment, whilst those 

PSDs representing well-graded specimens will have large values of the entropy increment (∆𝑆 and B).  
 

2.1 Grading entropy of RSm 

Fig. 2 represents the grading entropy coordinates of RSm at different rubber contents based on the oedometer 

(with bender elements) results obtained by Lee et al. (2010). The latter established that constrained modulus and 

small strain shear modulus decrease with the inclusion of rubber or decrease in sand fraction at any size ratio. This 

was explained on the basis that the mixture stiffness is controlled by load chains created along the sand skeleton.  

The results from these experiments have been used in this and the following sections due to the high variety of 

material characteristics, and varying size ratio (i.e. ratio between rubber and sand particles), associated with RSm.  

For clarity and completeness, Lee et al. (2010) used Jumunjin 20/30 sand which is a coarse, uniform, and angular 

sand with the following physical properties: emin = 0.60, emax = 0.87, D50 = 0.725mm, specific gravity = 2.62, 

roundness = 0.7-0.9, sphericity = 0.9, Poisson’s ratio = 0.3, shear modulus = 100 MPa. In the RSm, shredded tires 

had the following properties: specific gravity = 1.15 – 1.17, roundness = 0.1 – 0.5, sphericity = 0.5 – 0.9, Poisson’s 

ratio = 0.49, and shear modulus = 1 MPa. Six uniform sizes of shredded rubber were used with D50 = 3.375, 1.425, 

0.725, 0.513, 0.363, 0.256mm.  

Eqs 2 and 3 have been adopted to determine the entropy increment and base entropy of the RSm, respectively. 

The results presented in Fig. 2 correspond to four (out of six) size ratios (Sr) analysed in this study, in which the 

sand size is maintained, and the rubber size changes: Sr = 4.7 (highest rubber size), 2, 1 and 0.5 (smallest rubber 

size). Also note that grading entropy coordinates as illustrated here considered the PSD of the RSm in full (i.e. 

without considering rubber/sand separately, the equivalent of sieving a sample of the corresponding mix).  

The point where all lines converge is as expected, the point that represents the PSD of the host sand. The addition 

of rubber to sand leads to a change in the PSD of the mixture, hence a change of grading entropy coordinates. 

Entropy coordinates change as the rubber content (in terms of volume) increases, Vrubber/Vtotal = 0, 0.2, 0.4, 0.5, 

0.6, 0.8 and 1. In the end, they diverge to four different points which correspond to mixtures with 100% rubber 

but different (rubber) sizes. Also note that the point of maximum curvature for each Sr represents the “most well-

graded” of mixes. In other words, the mix with most size fractions, or material retained in the largest number of 



sieves. The highest values of the entropy increment are found at 40% and 50% rubber contents. Note the similarity 

of values with the threshold fines content discussed before.  

The reason why the four size ratios are associated with a final null entropy increment (i.e. S = 0) is because all 

rubber particles added to sand in the mixtures have uniform size and no other size fractions exist (i.e. all material 

can be gathered in a single sieve).  

As previously described, the base entropy (S0) is related to the average grain diameter of the soil. Therefore, the 

base entropy decreases with the rubber content if the particles added are of smaller size, as observed in Sr = 0.5, 

and it increases if the rubber particles are of bigger size (Sr = 2 and 4.7). Following this approach, the base entropy 

should remain the same at Sr = 1. The slight deviation from the vertical on Fig. 2 may be explained by small 

quantities of non-uniform particle sizes retained on a limited number of sieves. At a larger scale, Fig. 2 shows 

how the addition of larger rubber particles (Sr = 4.7) leads to PSDs with higher S. The same occurs with the S0.  

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Grading entropy of RSm with change in size ratio based on Lee et al. (2010) 

3 Grading Entropy & Stiffness 

Barreto and Imre (2018) undertook a direct comparison of grading entropy coordinates and descriptors such as 

coefficient of uniformity (Cu) and new PSD parameter (Cg) used to quantify small strain shear stiffness. Using 

experimental data from by Wichtman and Tryantafillidis (2009) the normalised entropy coordinates (A & B) 

where shown to be highly sensitive to quantifying shear stiffness. Moreover, a unique linear relationship was 

found between the grading entropy coordinates and the small strain shear stiffness. In their data, B does not 

significantly affect the soils stiffness. However, it was able to discriminate the stiffness’ dependence on stress 

level, supporting the idea of larger stresses engaging a larger number of contacts and hence a larger stiffness. 

Within this context, B relates to the stress distribution via the mobilisation of force chains and may indicate that 

for the same PSD a larger number of particles are required to transmit/sustain a higher stress level, or alternatively, 

depending on the PSD, more particle sizes may be required to sustain higher stresses .  

 

In the same study, Barreto and Imre (2018) argued that ‘A’ is a much more effective parameter to estimate the 

stiffness than other existing relationships as a function of d50 and cu. They also explained the relationship between 

‘A’, the stiffness and stress transmission by postulating that well graded samples may have significantly larger 

number of contacts than those that are uniformly graded. It must however be noted that stiffness may also affected 

by particle shape (for example, due to presence of particles contacting over large/small areas) and mineralogy (i.e. 

quartz/carbonate sands or relevant to this study, rubber properties). 

 



3.1 Small-strain stiffness of RSm 

In order to assess the effectiveness of the grading entropy coordinates to estimate the dependency between grading 

of RSm and their small strain shear stiffness, the results by Lee et al. (2010) were re-examined. Fig. 3 illustrates 

a comparison between shear modulus and base entropy (S0) at various size ratios and at a confining pressure of 

320 kPa. Note that the use of high confining pressures is justified if deep mitigation procedures are proposed. For 

example, Mahdavisefat et al. (2017) suggested the use of RSm deep filled trenches, Tsang et al. (2021) considered 

3m depth, and Bernal-Sanchez et al. (2022) discussed the possible use of bagged RSm vertical installations 

adjacent to structures that could be excavated at depths of up to 30 m with standard piling equipment. 

In line with previous studies (Senetakis et al., 2012; Bernal-Sanchez et al., 2018, 2019), the shear stiffness 

decreases with the addition of rubber as a result of the capacity to deform of rubber particles. However, different 

trends are observed depending on the ratio between the size of rubber and sand particles.  The addition of bigger 

rubber particles leads to higher values of S0, which also results in a reduction of the mixture stiffness. The latter 

is (possibly) a consequence of having force chains created amongst the big rubber particles which deform and are 

not able to resist large stresses, resulting in lower shear stiffness. The same trend is observed in this study for 

mixtures with bigger sand particles (Sr = 0.5). In this case, although force chains are created amongst the bigger 

sand particles, the rubber particles of smaller size are unable to (laterally) support these force chains, which then 

may buckle and collapse, producing the observed stiffness reduction. Notably however, Fig. 3 demonstrates that 

entropy coordinates are useful to explain the dependence of stiffness in terms of both size ratios, particle size 

distribution and rubber content.  

Furthermore, Fig. 3 also provides an alternative interpretation of the sand-like, and rubber-like and transitional 

behaviour in line with Lee et al. (2010). As observed in Fig. 3, the shear modulus of RSm is low at high rubber 

contents (60%, 80% and 100% rubber), which represents a typical rubber-like behaviour, and it remains relatively 

similar with different size ratios (i.e. dotted lines joining equal rubber content and different S r remain 

predominantly horizontal). As the rubber content decreases, the increase in stiffness is more noticeable with bigger 

rubber particles (Sr = 4.7, Sr = 2) as compared to mixtures with similar size ratio (Sr = 1). Note that the dotted lines 

are now more curved. This is in line with findings from Anastasiadis et al. (2012) and Kim and Santamarina 

(2008), who showed how the sand-like behaviour is more prominent at rubber contents < 35% and higher size 

attributed to an increase in the sand-to-sand contacts and hence the control of the behaviour by the soil 

(incompressible) matrix.  

Although it is difficult to set where the transitional behaviour takes place, it is however observed that the size ratio 

of RSm influences the stiffness degradation, and this is more evident at 20% to 50% rubber contents. More data 

may be able to relate this transition to the same physical phenomena explaining the threshold fines content effect, 

but this is not within the scope of this investigation. 

 

 

 

 

 

 

 

 

 

 

 



Fig. 3 Change in soil stiffness of RSm with base entropy (S0) and size ratio at 320 kPa of confining pressure based 

on Lee et al. (2010) 

Fig. 4 illustrates the change in shear stiffness and entropy increment with the size ratios at 320 kPa of confining 

pressure. A relationship is again found between the mixture grading and its stiffness. At similar size ratio (Sr = 1), 

the stiffness decreases with the reduction in the entropy increment. The latter suggests that for a certain stress 

level, the shear stiffness is only dependant on the rubber content and the range of particle sizes retained in (limited) 

sieves. 

A reduction in the mixture stiffness also occurs at other size ratios (Sr = 0.5, 2, 4.7). However, in these cases there 

is an increase in S followed by slight decrease as the rubber content decreases. Interestingly, the pattern of near 

horizontal contour lines of equal rubber content is also observed to identify rubber-like behaviour and curved 

contour lines for sand-like behaviour as discussed with reference to S0. The dependence of shear stiffness on 

rubber content and size ratio is also clear here. 

Recall that S measures how much of the soil behaviour is influenced by all the fractions. In other words, how 

many fractions (sieves) are represented within the mixtures. Consequently, a higher value of S may describe a 

higher number of inter-particle contacts (because mixtures are better graded). This would also support the 

hypothesis of the development of primary load-carrying chains created between sand-to-sand contacts either after 

the distortion of rubber particles (Sr = 0.5) or before the rubber deforms (Sr = 2, 4.7).  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Change in soil stiffness of RSm with entropy increment (ΔS) and size ratio at 320 kPa of confining pressure 

based on Lee et al. (2010) 

The dependency between stiffness and grading of RSm has been illustrated in Fig. 5 at various stress levels. On 

this occasion, mixtures with three size ratios have been considered for comparison: Sr = 0.5, 1 and 2. First, as 

expected, stiffness always increases with stress level. It can be also observed that whether the stiffness reduces or 

increases with an increase in S0 for a given stress level is only dependent on size ratio. For Sr < 1 the stiffness 

increases with S0 and for Sr > 1 it decreases with S0. Note that for Sr = 1 the change in stiffness is nearly independent 

from S0 and only affected by rubber content, as discussed before.  

One advantage of presenting the results in this format is the ability to create contour zones of equal rubber content 

as illustrated in Figs. 3 and 4. Contour lines show the “summit” surrounding the specimens with equal size ratio. 

The shape of such contour lines may also be explained as follows. Sand-to-sand contacts develop higher stress 

transmission in mixtures with Sr = 0.5 before the distortion of rubber particles takes place at low stress levels. 

Note this happens under low percentage of rubber. However, as rubber content increases, the mixture with smaller 

sand particles (Sr = 2) may experience more sand-to-sand contacts, creating primary-load carrying forces across 

the matrix after the distortion of rubber, hence increasing stiffness.  



The latter phenomenon is in line with the concept established by Lee et al. (2010) that the increase in stress level 

leads to greater inter-particle contacts, and that more primary load-carrying chains are created amongst the small 

sand particles. However, this phenomenon is less appreciable at very large stress levels (i.e. 320 kPa and 640 kPa) 

and mixtures with both size ratios (Sr = 0.5 and 2) show relatively similar shear stiffness. This is attributed to the 

idea that rubber particles fully distort at such a high stress level and the development of the strength in the mixtures 

is mainly a result of the sand-to-sand contacts.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5 Change in soil stiffness of RSm with base entropy (So) and confining pressure at Sr = 0.5 (1), Sr = 2 (2), 

and Sr = 1 (3) based on Lee et al. (2010) 

Fig. 6 illustrates the stiffness and entropy increment of RSm at various stress levels. Note that the trends at 320 

kPa for both size ratios have already been illustrated in Fig. 4. As mentioned in Fig 5, the application of greater 

stress levels results in a greater stiffness of the mixture at any size ratio. The evolution in S is different depending 

on the size ratio of the mixture (Fig. 6). The mixtures containing similar particle sizes (Sr = 1) exhibit a gradual 

increase in the value of S, which represents the number of fraction sizes acting in the mixture, with the reduction 

in the rubber content (Figure 6 (a)). Interestingly, the evolution of the trends shows how the mixtures start from a 

common point, a low stiffness associated with rubber only mixtures, and they diverge into four points that 

represent the greater stiffness of sand only samples. Thus, the highest value of S coincides with the highest 

stiffness of RSm. With bigger rubber particles (Sr = 4.7), the evolution in S follows a different trend as illustrated 

in Fig 6 (b). The highest stiffness exhibited by the mixtures (i.e. sand only) does not align with the maximum 

value of S. Regardless the stress level, it is observed that the maximum entropy increment occurs at 50% rubber 

volume. Whilst this may also relate to the transition between sand-like and rubber-like behaviour, it may also 

indicate the inefficient role of rubber particles to support strong force chains as rubber content increases .  



 

(a)                                                                                        (b) 

Fig. 6 Change in soil stiffness of RSm with entropy increment (ΔS) and confining pressure at a) Sr = 1 and b) Sr 

= 4.7 based on Lee et al. (2010). 

4 Internal stability rule and its relationship with liquefaction phenomena 

Lőrincz (1986) using suffusion test data, discussed an internal stability criterion using grading entropy coordinates 

(as defined in Section 2) which is explained here with reference to Fig. 7. The figure shows a partly non-

normalised entropy diagram together with limiting lines as a function of the number of fractions N used to 

calculate such lines, using partly normalised entropy diagrams, as it can also be linked to stress transmission and 

stiffness, and potentially to assess the susceptibility to liquefaction of RSm. Fig. 7 that illustrates three main zones: 

A < 2/3, where mixtures are internally unstable, A = 2/3 and A > 2/3 where soils are internally stable. Suffusion 

may occur in each zone if the geometric condition is met (i.e. , gap-graded soils). The rule can be interpreted such 

that when A > 2/3, coarse particles may “float” in a matrix of fines and thus become destabilized if fines are 

removed (suffusion). Note that the occurrence of suffusion also depends on polydispersity (as indicated by the no 

suffusion zone when N >18). In the transition zone (Fig. 7), also denoted by points ‘BCD’ in Figure 87, if A = 2/3 

and A > 2/3, coarse particles form a skeleton and total erosion cannot occur and the structure of larger particles is 

inherently stable. 

       

 

 

 

 

 

 

 

 

 

Fig. 7 Internal or grain structure stability criterion in the partly normalized diagram (modified after Lőrincz, 1986).  

 
In an attempt to link the internal stability criterion to liquefaction, Barreto et al. (2019) analysed 39 PSDs form 

different sources (data including experiments, field data and DEM simulations) which were known to liquefy (Fig. 

8). Notably, the data included in Fig. 8 for PSDs that are susceptible to liquefaction does include data that are 

deemed as not susceptible to liquefaction by existing criteria. But more importantly, t hey found that PSDs that 

were known to have liquified all fell into the region denoted by A < 2/3 on a normalised entropy diagram. To 

further confirm this interpretation, Fig. 8 also shows experimental data from soil that did not liquefy. This study 

suggests that the stability criteria set out by Lőrincz (1986), could, in first instance, predict whether a soil is 

susceptible to liquefaction based on its normalised entropy coordinates.  

 

 

 

 

 

 

 

 

 

 



 

 

 

Fig. 8 PSDs representing liquefaction susceptibility limits, as discussed by Barreto et al. (2019). Points A, B, C 

& D on a normalised entropy diagram are used to demonstrate regions of soil internal stability phenomena as 

proposed by Lőrincz (1986). 

4.1 Internal stability rule and liquefaction phenomena applied to RSm 

The applicability of the internal stability criterion proposed by Lőrincz (1986) to predict the liquefaction 

susceptibility of mixtures containing rubber and sand particles (i.e. RSm) in a similar manner than that attempted 

by Barreto et al (2019) is explored here. Fig. 9 shows 30 PSDs with variable rubber contents on a normalised 

grading entropy diagram. The data used herein correspond to studies that focused on the determination of the 

liquefaction potential of RSm. Most of these investigations (Kaneko et al., 2013; Otsubo et al., 2016; Bahadori 

and Roohollah, 2018; Enquan and Qiong, 2019; Bernal-Sanchez et al., 2020; Amuthan et al., 2020; Rios et al., 

2021) demonstrated that the addition of rubber leads to a lower accumulation of the pore water pressure, when 

compared to rigid compressible (i.e. sand) soils. On the other hand, other studies (Promputthangkoon and Hyde, 

2008; Shariatmadari et al., 2018) evidenced that the addition of rubber can result in a greater liquefaction 

susceptibility. All the studies herein investigated are characterised for using uniformly graded sands and both sand 

and RSm samples were prepared under a relative density that ranges between 30% and 75%. The samples were 

tested under a wide range of confining pressures ranging between 100 kPa and 700 kPa.  

Alternatively, this study utilises the normalised entropy coordinates to understand the liquefaction susceptibility 

of RSm. The methodology used was relatively simple. Experimental data available was assessed in terms of the 

pore pressure ratio. Specimens in which this ratio reached a value of 1 were considered to have liquefied. 

Meanwhile the gradation for each specimen which liquefied (or not) was represented by the grading entropy 

coordinates as shown in Figs. 7-8. It can be observed that when doing this, that grading entropy coordinates are 

separated on the normalised entropy diagram in two regions related to the occurrence (or not) of liquefaction. 

As shown in Fig. 9 the results point to a variable stability if the criterion proposed by Lőrincz (1986) was followed. 

All sand only mixtures can be found in the unstable zone (A < 2/3). All these samples are characterised for being 

better graded than the rubber only samples (i.e. higher B) but having smaller average grain sizes and hence lower 

A-coordinates. These studies reported that sand soils eventually liquefied due to the accumulation of pore water 

pressure. So, as occurred in Barreto et al. (2019), the stability criterion proposed by Lőrincz (1986) appears to 

effectively predict the liquefaction susceptibility of incompressible soils.  

In turn, most of the rubber only mixtures from these studies fall into the so-called suffusion zone (as defined in 

Figs. 7-8) due to having a relatively uniform size (i.e. and low B) and a high value of A (i.e. A > 2/3). However, 

according to the previous studies, samples containing 100% rubber did not liquefy and they all exhibited a 

significant reduction in the liquefaction potential. The latter evidence may partially contradict the criteria 



established by Lőrincz (1986), but such contradiction may be explained. Rubber particles are well-known for 

being capable to distort and change its volume under large stresses (Platzer et al., 2018). Moreover, it was found 

by Fonseca et al. (2019) that rubber particles remain attached to the surrounding particles, ‘locking’ the possible 

contact sliding attributable to the high inter-particle friction. Hence, suffusion of rubber particles might not occur 

in these mixtures because the particles found in the rubber matrix would remain together. So, it may be 

hypothesised that for soft-rigid mixtures (RSm in particular), the suffusion zone might just be an extension of the 

stable zone.  

Then, two groups can be distinguished for RSm. On one hand, there are the mixtures which experience an increase 

in the pore water pressure under cyclic loading (Promputthangkoon and Hyde, 2008; Shariatmadari et al., 2018). 

On the other hand, the rest of RSm samples that fall into the initially called unstable zone by Lőrincz (i.e. A < 0.6 

– 0.7) but still did not show an increase in the liquefaction susceptibility according the experimental results. This 

is the case of 50% and 75% rubber mixtures in Amuthan et al. (2020), 10%-30% rubber mixtures found in Bernal-

Sanchez et al. (2020) or the 100% rubber studied in Shariatmadari et al. (2018).  

As established by Barreto et al. (2019), the PSDs of certain soils can fall on the susceptibility threshold but still 

be ‘stable’ when tested under certain experimental conditions. This is because the stability criterion proposed by 

Lőrincz (1986) only considers particle properties (i.e. PSD) but it does not account for other sample characteristics 

(e.g. density, particle shape, stiffness, inter-particle friction, and/or mineralogy, etc.) or test conditions (e.g. stress 

level, stress path, etc.). Of these factors, the relative density is perhaps the most widely recognised parameter 

influencing liquefaction in soils. Note that the entropy diagram (and the related liquefaction susceptibility criterion 

proposed here) only provides a quantitative description of the grading. However, this does not imply that the effect 

of relative density is ignored. For example, the work by Imre et al (2019) highlights that the maximum void ratio 

of mixtures of sand (emax) may be located at around A=2/3. This seems to be additional support for the location 

between stability/susceptibility zones in Figs. 7-8. Furthermore, the work by Kabai (1972) also suggested that for 

many materials the ratio between emax and emin is relatively constant. Therefore, with additional data, the effect of 

relative density could be further explored/considered. Nevertheless, on the basis of limited data, this study 

suggests that an alteration of the initially proposed stability zone for mixtures containing compressible (i.e. rubber) 

particles may be proposed. Consequently, only two zones are suggested in this study: i) stable and ii) unstable, as 

seen in Fig. 9.  

 

 

 

 

 

 

 

 

 

 

 

Fig. 9 Stability of RSm based on the literature: [1] = Kaneko et al., 2013; [2] = Otsubo et al., 2016; [3] = 

Promputthangkoon and Hyde, 2008; [4] = Bahadori and Roohollah, 2018; [5] = Shariatmadari et al., 2018; [6] = 

Bernal-Sanchez, et al., 2020, [7] = Enquan and Qiong, 2019; [8] = Rios et al., 2021; [9] = Amuthan et al., 2020 .  

Fig. 10 illustrates the normalised based entropy plotted with rubber content for some of the studies previously 

analysed (Kaneko et al., 2013; Amuthan et al., 2020; Bernal-Sanchez et al., 2020). It is clearly observed that ‘A’ 

increases with the rubber content. For the three studies, the addition of rubber points to increasing the normalised 

base entropy above the ‘stability’ threshold set by Lőrincz (1986) at A = 2/3. As the ‘A’ value increases, the 



number of larger particles carrying a greater proportion of the stress distribution does too (Barreto and Imre, 

2018). Interestingly, the greater proportion of stress distribution leads inevitably to a reduction in the soil shear 

stiffness as shown in Fig. 1a. This is due to the low stiffness characteristic of the particulate rubber used in most 

studies (i.e. G = 1MPa). The latter finding is also supported by Kaneko et al. (2013) and Amuthan et al. (2020) 

who showed a significant reduction in the peak shear stress with the rubber content. However, most of the studies 

coincide in the same finding: adding rubber to sand confers the mixture a nearly elastic, and isotropic, stress-strain 

behavior which enhances the ability of the sample to deform and recover its size after numerous cycles (Bernal-

Sanchez, 2020). As a result, undrained RSm exhibit a slower build-up of the pore water pressure with rubber.  

Therefore, although the increase in rubber content and the value of ‘A’ may lead to a reduction in the mixture 

stiffness, it has an active effect on the soil structure enhancing the stability of the mixture. The latter is 

demonstrated with the significant reduction in the liquefaction susceptibility demonstrated in existing literature. 

This may also be explained by the in-filling effects or rubber particles between the voids of rigid sand particles, 

and to a lesser extent to the supporting effect of rubber particles on strong-force chains formed of sand particles. 

Considering the potential use of RSm as a GSI, the results shown in Figs. 9-10 suggest that there is a “minimum” 

value of the normalised based entropy (A) one should aim for in order to minimise the susceptibility of the mixture 

against liquefaction. It is then established that a mixture should exhibit A > 0.6 to be under the stable zone. As 

demonstrated in Section 3, So and A depend on the size ratio between the two particles. Hence, to ascertain whether 

the mixture reaches the minimum A, the PSD of the two geomaterials (i.e. rubber and sand) needs to be studied 

at varying rubber proportions using Eqs 3-4. Although the correlation between A and rubber content is not 

straightforward (Figs. 9-10), mainly due to the variable physical properties of sand and rubber studied, the results 

from this study suggest that RSm should contain at least 10-30% rubber to result in a higher internal stability of 

the mixture. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10 Normalised base entropy with rubber content of PSDs from Bernal-Sanchez et al. (2020), Amuthan et al. 

(2020) and Kaneko et al. (2013) 

5 Discussion & conclusions 

Given the potential use of RSm as a GSI, this study has explored the effect of PSD on the stiffness and liquefaction 

susceptibility of RSm using grading entropy coordinates. The relationship between the small-strain shear stiffness 

of RSm and grading entropy coordinates has been studied using the experimental results from Lee et al. (2010). 

The stability criterion proposed by Lőrincz (1986) has also inspired a new approach to estimate the liquefaction 

susceptibility of RSm. It has been explained within the context of the inter-particle force transmission by analysing 

the relationship between the rubber content and the normalised base entropy (A). The following conclusions can 

be drawn from this investigation:  



 The results from the PSDs obtained by Lee et al. (2010) coincide that the shear stiffness decreases when 

increasing the rubber content. The latter occurs either when the base entropy (So) increases or decreases. 

However, various trends are observed depending on the size ratio. Lower stiffness degradation is 

observed on mixtures with either bigger rubber particles (Sr = 4.7) or smaller rubber particles (Sr = 0.5) 

as a result of the inter-particle force chains created. The transition between rubber-like and sand-like 

behaviour and the effect of the size ratio on the stiffness degradation, more evident at 20% to 50% rubber, 

has been shown to be affected by So.  

 By looking at the evolution in the entropy increment (S), it is observed that at similar size ratio (Sr = 1) 

the stiffness decreases with the reduction in S. However, at other size ratios (Sr = 0.5, 2, 4.7), the 

evolution in S follows a different trend, reaching a maximum value before it decreases. The higher 

value of S may relate to a higher number of inter-particle contacts and hence, the evolution of stiffness 

may be explained in terms of rubber content and size ratio.  

 For the studied RSm, stiffness always increases with the stress level. The stiffness has been observed to 

be dependent on the evolution in the base entropy with rubber content at any size ratio, except for Sr = 1.  

The creation of contour zones has enabled a comparison in the stiffness degradation of RSm with constant 

size ratio but variable rubber content. At stress levels < 320 kPa, the transition between sand-like and 

rubber-like behaviour is more evidenced due to the particle-to-particle contacts. As the stress increases 

(i.e. 320 kPa and 640 kPa), there is minimum change in the stiffness degradation of mixtures with size 

ratio as a consequence of the high distortion exhibited by rubber particles. At this stress, the macroscopic 

behaviour is fully controlled by the sand-to-sand contacts.  

 The normalised diagram proposed by Lőrincz (1986) has been adopted to study the liquefaction 

susceptibility of RSm. It has been shown that mixtures containing compressible (i.e. rubber) particles 

fall, coinciding with the experimental results, in two distinguished zones: i) stable and ii) unstable. This 

modification of the Lőrincz’s original approach has been justified to account for the high inter-particle 

friction as well as the void filling capacity of rubber particles. Whilst all sand only samples are found in 

the unstable zone, the opposite occurs with all rubber only mixtures. For the remaining mixtures, a 

general trend is that the liquefaction susceptibility reduces with the rubber content.   

 It is also evidenced that the addition of rubber leads to increasing the normalised base entropy (A), above 

the stability threshold proposed by Lőrincz (i.e. A > 2/3). The latter phenomenon may be directly related 

to the number of larger particles carrying a greater proportion of the stress distribution. Although the 

increase in ‘A’ is associated with a higher stiffness decay in RSm, it appears to have a beneficial effect 

on the soil structure enhancing the stability and reducing the liquefaction susceptibility. Therefore, it is 

recommended in this study that mixtures containing rubber should exhibit A > 0.6, normally observed in 

RSm with more than 10% rubber by mass.  

The results obtained from this work demonstrate the grading entropy coordinates are useful and provide alternative 

means to assess the dependency between stiffness and rubber content, size ratio, stress level, and PSD. This study 

has also demonstrated that the normalised entropy diagram proposed by Lőrincz can be adopted to understand 

liquefaction susceptibility of mixtures containing compressible (i.e. rubber) particles.  

Further research into the behaviours of the normalised entropy diagram is needed from a micromechanical 

perspective. Whilst this work has provided a range of PSDs from across the normalised diagram to support the 

behaviours set out in the stability criteria, a more targeted testing regime should be carried out within each zone. 

In particular, with the transitions between stable, and unstable regions of the grading entropy-based stability 

criterion. Also, there are limitations within the grading entropy coordinates because they do not explicitly consider 

the effects of relative density, particle shape or inherent/induced anisotropy, specimen preparation procedures in 

laboratory tests, amongst other. However many of these issued may be addressed by further research and the 

approach proposed here seems nevertheless helpful and to assess the susceptibil ity to liquefaction of RSm.  

Data availability statement: the datasets generated during and/or analysed during the current study are available 

from the corresponding author on reasonable request. 
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